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ABSTRACT

General results systematizing the solution of minimax robust
filtering problems are presented. Their application is investigated in
the areas of matched filtering and of state estimation and control for

linear time~varying stochastic systems. Further minimax filtering situa-

tions are studied for other problems in signal detection and estimatiomn.
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1. INTRODUCTION

When some of the quantities involved in the mathematical model that
describes a particular filtering situation are not completely known,
another model incorporating the available partial knowledge must be
adopted. This partial information can be, for example, in the form of
a prior distribution function if considering the unknown quantity as a
random variable, or in the form of an uncertainty set, any of the members
of which can be the actual quantity. Then the objective could be, in the
first case, to maximize the expected value of the original performance
measure or, in the second case, to maximize the performance of the optimum
operating point over the uncertainty scet.

Focusing our attention in the case in which the unknown quantity is
modeled by an uncertainty set, suppose that our aim is to synthesize a
system that is somehow insensitive (10obust) to the member of the uncertainty
set that is actually present. One of the possible strategies to achieve
this is to optimize the worst-case performance (minimax). In such case,
for any other systemthere exists an operating point in the uncertainty set
for which it performs worse than the minimax system. This can be considered
as a game in which the designer tries to guarantee a maximum payoff assuming
that his opponent (nature) will select the worst possible operating point
for whatever system he uses.

Because the less uncertain the mathematical model is the better the
resulting system will be, an alternative that the engineer may consider is
that of an adaptive system; i.e., one consisting of a subsystem that narrows
down the uncertainty by learning a more accurate model of the unknown system

from the incoming observations. This is especially necessary when the




uncertainties are so large that trivial and robust filtering perform
similarly. Indeed the adaptive and minimax philosophies constitute the
mainstreams of the design of uncertain systems. The mutual advantages .
~ and disadvantages of both approaches have been widely discussed. To name
a few, adaptive systems are supposed to be more complex, to have worse
performance for small sample size problems, and thus inferior dynamical
response, and to be, commonly, ad-hoc solutions; minimax systems are
criticized as being pessimistic (although often this is not the least
advisable engineering approach), as losing performance in some nominal
{and maybe most probable) model, and as being dependent on the specifi-
cation of an often arbitrary uncertainty class. Nevertheless these two
philosophies are by no means mutually exclusive. Since the identification
stage of an adaptive system provides a model with some uncertainty (com-
monly approaching zero asymptotically) it is conjectured that a minimax
processing system could aid in improving the dynamics and region of con-
vergence of the overall adaptive system.

A terminological comment is in order here. Zadeh [33] identifies
adaptivity with robustness, stating that a system is adaptive with respect
to an uncertainty class if it performs acceptably well for all its members.
The term robustness as referred to insensitivity to deviations in the model,
has an established usage in ~he areas of statistics and control systems,

and has been used with a minimax connotation in signal filtering problems.

The application of the minimax philosophy of game theory to filtering

problems in communication can be traced back to the works of Yovits and

Jackson [35] and Nilsson [36], dealing with signal estimation and matched

filtering. However, the statistical works of Huber in estimation [30] and
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hypothesis testing [31] can be considered as the starting point of the
area of minimax robustness, successfully applied to a long sequel of
problems in statistical communication theory (surveyed in [341],[381,[39]).
Basically, minimax filtering has been applied to three classes of linear
filtering problems:

i) Wiener filtering: (26]-([28],[35},(401,[41},[43),[46],[47]

ii) Matched filtering: [3],[51,{361,[(37],(43)-[45),[48])

iii) Kalman filtering: [10]-{14],{191,{491

In this thesis we present in the first part several new general results

JEPUVR VR

(not specific to any particular filtering situation) and in the second
part their application to various problems in linear and non~linear fil- 1

tering.

The cases in minimax robust filtering for which there exists an
amenable analytical solution are those for which saddle points exist. A
filter H and an operating point P are said to form a saddle point if,
fixing P, any other filter different from H has worse performance, i.e.

H is the optimal filter for P, and 1if, fixing H, any other operating
point different from P gives better performance, i.e. H has its worst
performance when P is present. If there exists such a filter H, then it
is the sought-after minimax robust filter, because its worst-case perfor-
mance is attained at P and any other filter has worse behavior at P.
Further, suppose that we use optimal filters for every operating point in
the uncertainty class, then P is the element whose filter achieves the

worst optimal performance, and hence will be referred to as the {least

6avo&ab£e operating point. Note that the saddle point property is not

necessary for the robust filter to exist; however, if it holds, the robust

i DA i i .. i



filter has the convenient feature of being the optimal filter for one of
the operating points (the least favorable) and of performing better at any
other point. In this case the minimax robust filtering problem is reduced
to the search for a least favorable, since we usually suppose that the
derivation of the optimal filter for a particular operating point is given
by the classical theory. Frequently, there exist analytical expressions
for the optimal performance achievable at every operating point; therefore
the search for the least favorable turns out to be a minimization problem.
At this point, the next step is to ask for conditions under which a saddle
point exists. This is the question addressed by the minimax theorems of
game theory (see e.g. [32]); a common assumption in these is the concavity-
convexity of the performance function in the set of filters and in the set
of operating points, respectively. However it is often the case that the
filtering situations that we face do not satisfy this assumption. 1In the
robust filtering theorem of Chapter 2, sufficient conditions are provided
under which the robust filter is the optimal filter for the least favorable
operating point. Roughly, these conditions are the convexity of the uncer-
tainty set, a continuity-type condition on the performance function, and
the convexity of this function in the set of operating points. However this
by itself does not assure the existence of a saddle point since the uncer-
tainty class may not have a least favorable element; in this respect the
robust filtering theorem cannot be considered a minimax theorem since it
leaves open for every particular uncertainty set the existence of least
favorable operating points (actually, the condition of requiring uncertainty

classes with least favorables 1is relaxed, and more general classes are

allowed). The next general result presented in Chapter 2 deals with the

Siienan 2t aa
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frequent situation in which there are several independent uncertainties;

under some restrictions on the performance function necessary and suffi-

cient conditions are given for a filter and operating point pair to be a

saddle point. These conditions, which appear in recursive form (and do

in solving particular problems in the following chapters, and turm out to
be very useful in testing candidates for saddle points. Another idea that
is investigated in Chapter 2 is the soft minimax philosophy that can be
employed when the modeling uncertainty is diminished by the presence of a
nominal, most likely, element.

In Chapter 3, the general robust matched filtering problem is solved

PPN TEN

' not require convexity of the uncertainty classes), are used successfully

using the aforementioned results; in particular the uncertainties separation

theorem results in a set of simpler and more general conditions than those

e

previously published. Also, least favorable signals and :oise for several

L2 b A

useful uncertainty classes are obtained in the discrete~time case, and the

optimal design of signals to combat their uncertainty in reception is inves-

tigated as well.

The problem of designing linear observers and regulators for stochastic

systems in both continuous and discrete~time with uncertain second order

statistics is addressed in Chapter 4. Once again, in this case the appli- ﬁ
cation of the general results allows the conjoint resolution of the estima- ﬂ
tion and control problems. The soft minimax solution of the unknown first-
order statistics case 1s shown to be equivalent to earlier works in the
tracking-evasion games. Particular uncertainty classes of covariance matrices i

are studied and some technical errors in a treatment of minimax Kalman

filtering which appeared in the literature are pointed out.




In Chapter 5, several further applications are considered. Some

general results for Wiener filtering are provided and a critique of the
usually employed penalty function is presented. Next the robust filtering

theorem and the uncertainties separation theorem are applied to two problems

in random-signal detection, namely the quadratic receiver and the output-
energy filter. Finally, a non-filtering application is demonstrated by
providing a minimax result for hypothesis testing and an alternative proof

of the classical minimax robust location estimation theorem.




2. GENERAL RESULTS

2.1 Formulation

In an unconstrained sense, given some external situation (operating
point), and a processing device (filter), a quantitative measure of per-
formance is assigned. The classical filtering problem is to find a
filter that maximizes that figure of merit for a particular operating
point. As discussed in the previous chapter, when the operating point
is not exactly known, one of the altermatives is to search for a (maximin)
filter with an optimum lower bound of performance. The goal of this chapter
is to provide some general tools that can be applied in a wide variety of
these filtering situations with uncertain operating points. Denote by X
the space of filters and by Q the space of operating points. The payoff

function M is a real functional

M(e,*): X x Q> TR

The triple (H,Q,M) defines the type of filtering situation. Suppose HC X

and Q € Q are the sets of allowable filters and operating points respectively.

According to the standard terminology the triple (H,Q,M) will be referred to

as a game. The following definitions will be used:

M*(q) = sup M(h,q); (2.1)
h €H

*
h (q) is the optimal filter for q € Q if

M(h(@),q) = M (@) (2.2)

a9 is a least favorable operating point for (H,Q,M) if




= arg min M (q) (2.3)
qQ €Q

4

(Note that throughout this thesis we use the notation X, = arg max/min £(x)
x € A

if f(xo) = max/min f(x), without implying neither existence nor uniqueness.)
x € A

(hL'qL) € H x Q is a regular pair for (H,Q,M) if for every q € Q such
that x, = (1--a)qL +aq € Q for all 0 S a <],
M*
(xa) - M(hL’xa)

1lim " = ( (2.4)
a + 0

(hL,qL) € H x Q is a saddle point solution to the game (H,Q,M) if for every

h€Hand q €Q

M(h,qL) < M(hL.qL) < M(hL,q) (2.5)

hR is a maximin robust filter for the game (H,Q,M) if

hR = arg max inf M(h,q) (2.6)
h€EH q€Q

2.2 Robust filtering theorem

In this section we give some general results pertaining to the solution

of the problem described by (2.6).

Lemma 2.1

Let f: [0,1] - IR be a convex function. Then £(0) < f(a) ¥a € [0,1]) if

f N TSl

and only if 1lim [f(a) - £(0)] exists, is finite and nonnegative.

a+v 0

Proof

This is an extension of the proof given in [1] for an open interval.

2



First we show that % [£(x) - £(0)] is monotone non-decreasing in x € (0,1].

Suppose 0 < x € x', because f£(+) 1is convex

£ < £x") + X4 £(0) 25

or equivalently
i [£(x) - £(0)] <—1. [£(x') - £(0)]
X X

Now we can prove the only if part:

Suppose £(0) < £(a) Ya € [0,1], then ¥a € (0,1}, % (£(s) ~ £(0)] > O,

but since this function is monotone non-decreasing lim % (f(a) - £(0)]
a+ 0
exists, is finite and nonnegative.

For the reverse implication, assume that 1lim -% {f(a) - £(0)] exists,
a v 0

is finite and nonnegative, then for every x € (0,1], 3 z € x such that

—_— emes ems GN; SN b G B S o =

% (£(z) - £(0)] » 0, but since this function is monotone non-decreasing in

z, ;1(- [£(x) - £(0)] > 0, hence £(x) > £(0). |

Lemma 2.2

Suppose Q is a convex set, and for every h € H, M(h,*) is convex in Q.

PSP

With respect to the game (H,Q,M), a regular pair (h ) is a saddle point

L
solution if and only if Q. is least favorable.

Proof
The left inequality in the definition of saddle point (2.5) is satis-

fied for every regular pair, because particularizing the regularity condition

M (q) = M(h ,q) 2.7)

| |
(2.4) for q = qp it follows that _
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According to Lemma 2.1, the right inequality is satisfied if and omly if

M(h, ,x ) - M(h ,q,)
ACQ) = lim —I-2 Ll >0 (2.8)
a+v 0 a

for every q € Q.

*

Now, note that M (-) is convex in Q since with 9, = (l--a)q1 + aq,, for

all1 0 <o <1, and q,,9, € Q, we have
sup M(h,qo) < sup {(1-a)M(h,ql) + aM(h,qz)}
h€H h€H
= (1-a) sup M(h,ql) + a sup M(h,qz) (2.9)
h€H h€H
where the inequality follows from the assumed convexity of M in Q for every

h € H.

*
Again by Lemma 2.1, since M (¢) is convex in Q, qL is a least favorable

operating point if and only if

MY (x ) - M (q,)
x ) - q
o L >

a

0 (2.10)

B(q) = lim
a+ 0

for every q € Q.

Considering that

Wix) - M Ga) = H(x) - Mlh LX)+ MBLx) - Mehe)  (21D)

and that (qL,hL) is a regular pair, taking 1lim % [ ] of both sides of
a +v 0
2.11, we get that for any q € Q
A(q) = B(q) » (2.12)

and therefore the lemma is proved.

|




Theorem 2.1

Suppose that (K,P,M) is a game with the following properties:

i) There exists a convex set Q, P C Q € ¢ such that

inf sup M(h,q) = inf sup M(h,q) (2.13)
qQ€EP hEK q€Q hE€K

ii) There exists a set H, such that R C K C ¥ and for every q € Q

sup M(h,q) = sup M(h,q)
h €K h€H

iii) Mch,*) is convex in Q for all h € H.

Then, if a least favorable for (H,Q,M) qp and its optimal filter hL

form a regular pair for (H,Q,M), hL is a maximin robust filter for the game

(K,P,M).

Proof

According to Lemma 2.2, if a least favorable for (H,Q,M), qL,and its
optimal filter,hlfform a regular pair, (hL’qL) is a saddle point solution

to the game (H,Q,M). Therefore, we have

M(h,,q,) = inf M(h ,q)
L'L L
qQ €Q
< inf M(hL,q)
q€P
< sup inf M(h,q) (2.14)
h€K q€P

where the first inequality follows from P C Q and the second from hL € H CK.

Furthermore,

[N

il e
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M(hL,qL) = sup M(h,q)

h€H

# inf sup M(h,q)
qQ€Q h€H

= inf sup M(h,q) (2.15)
qE€P h€EK

where the inequality follows from 9 € Q and the last equality from assump-
tions i) and 1i). But for an arbitrary game we have (e.g. [2])
sup inf M¢h,q) € inf sup M(h,q) (2.16)
h€EK q€P qQE€EP hEK
Therefore the previous inequalities in (2.14) and (2.15) are transformed into
equalities. In particular,

sup inf M(h,q) = inf M(hL,q) (2.17)
hE€K q€E€P qEP

and therefore hL is a maximin robust filter for (X,P,M), as we wanted to show.

Remarks

The utility of this result stems from the fact that usually explicit
expressions for M*(-) are available, and therefore the original maximinimi-
zation problem is reduced to a minimization one, namely the search for least
favorables. This will be illustrated extensively in the next chapters with
the application of the general results to specific filtering situations.

It seems convenient to underline the meaning of the introduction of a
game (H,Q,M) different from the original (K,P,M) in the theorem. The key
point is the existence of a game with saddle point, in order that Lemma 2.2
can be used. On one hand, the introduction of the set Q allows the solution

of problems in which the original uncertainty set either is not convex or

i i L, a. anal . .

. Taf. .
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has no least favorable. Note that in the case in which inf sup M(h,q)
q€Q he€K

is attained, the existence of a rc ust filter is assured. On the other
hand, the introduction of the set H allows the solution of the robust
filtering problem for general sets of filters (class theorems), while
dealing with easier, restricted sets.

However, the most relevant remark is that important robust filtering
situations (as will be seen in the next chapters) cannot be solved by using
the well-known game-theoretic minimax theorems, because their respective
payoff functions, although convex in the uncertainties, are not concave in

the filter sets.

2.3 Uncertainties separation theorem

Let (H,Q,M) be a game in which Q is the cartesian product of independent

uncertainty classes
Q=Q X Q % .ou xQ
and the payoff function can be put as

M(h! (qlr LR ’qk)) = F(fl(h’ql) t A ’fk(h'qk)) (2‘18)

with F: mk + IR non-decreasing in each one of its arguments.
Define, if they exist, for i =.1,...,k

aj(h) = arg min £ (h,x) (2.19)
x € Qi

Theorem 2.2
(hL,qL) is a saddle point of (H,Q,M) if and only if hL is solution of

the equation




h, = arg max M(h,(a)(h),...,qp(h ) (2.20)

h€H
and
* N *

qL (ql( L)!"'!qk(hL))

Proof
Only if. Suppose (hL,qL) is a saddle point of (H,Q,M), then
M(h,,q,) = min M(h ,q) = wmin_ M(h, ,q) (2.21)
L P
L qQ €Q qQ €Q L

for all Q C Q, such that q € Q. In particular for Q = {qu} x {qu} X ...

x Qi X ... X {qu} with q = (qu,...,qu). This leads to

M(hL,qL) = min M(hL,(qu...-,x,qL(i+1).---,qu)) (2.22)
x € Qi

Equivalently

F(fl(hL’qu) L AR !fi(hL)qLi) LA ’fk(hL)qu)) =

= min F(fl(h

)"'"fi(hL’x)""’fk(hL’qu) (2.23)
x € Qi

1’91

and since F is non-decreasing in the i-th argument

*
Ay = argmin fi(hL’x) = qi(hL) (2.24)
x € Q

Moreover, if (h ) is a saddle point,

L9

hL = grgmax M(h,qL) (2.25)
h€H

Then, the last two equations result in (2.20).




Proof

Remarks

15

*
If. From the definition of qi(hL) and using the monotonicity of F in

every argument we have that

* *
M(hy,q) = Meby, Gap (B ),eeeuqy (h))

= min M(h,q) (2.26) 1
q9€Q
Furthermore, (2.20) is the remaining condition in order for (hL’qL) to be '

a saddle point of (H,Q,M).

Corollary

Suppose the game (K,P,M) satisfies the conditions stated in Theorem

2.1, and h, is solution to the equation (2.20), then hL is a maximin robust

L
filter for the game (K,P,M).

* *
Letting q = (ql(hL)""’qk(hL))’ (hL,qL) is a saddle point of (H,Q,M).

Then the same proof of Theorem 2.1 can be used.

Although Theorem 2.2 is quite apparent (for k = 1 it is nothing else
than the definition of saddle point), it represents a powerful tool in order
to derive conditions for least favorability, and in order to check candi-
dates for saddle points.

This result is especially attractive for an iterative numerical solution
of the robust filtering problem, i.e., for a given filter the solution of
the set of equations (2.19) can be computed and incorporated into equation
(2.20) which in turn can be solved for a new filter. Furthermore, if the

uncertainty subclasses are such that there exists an analytical solution (in
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*
terms of a generic h) for qi(h), i=1,...,k, then every uncertainty can be
solved separately (as if all the others were constant), getting finally the

robust filter from the (also, frequently analytic) solution of (2.20).

One particular case in which there exists an explicit solution for

the least favorable and that can be found repeatedly in the next chapters

i faud

is given by the following result. :

Lemma 2.3 i

Suppose that the uncertainty subclass Qi is a subset of a Hilbert space S

and is some neighborhood around a nominal element described by

Q = {x €S, Hx-—xoﬂ < A} (2.27)

where the norm is that of the Hilbert space S. Suppose that fi(hL,'): S+ R

is a continuous linear functional, then

* z(hL) )
qy(hp) = x5 - 4 Tz, (2.28)

where z(hL) is such that for all x € S

fi(hL’x) - (x,z(hL)) (2.29)

Proof
Since fi(hL,') is a continuous linear functional the existence of an
element z(hL) € S fulfilling (2.29) is assured by the Riesz representation

theorem (e.g. [8]). Note that for all x € Qi the Schwarz inequality results

in

¢ x=xg,2(h, )0 < Hx-xyll Hz(h ) I < A Hz(h) I (2.30)




|
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Also,

z (hL)

(x-(xo Hz(h )") z(h )) = (x—xo,z(hL)> + Aﬂz(hL)Il> 0 (2.31)

where the inequality follows from (2.30). Therefore we have for all x € Qi

z(hL)

£, (hp,x) > £,(h;, x4~ Ilz(h Tz 0’

(2.32)

and (2.28) follows.

2.4 Soft minimax filtering

Sometimes there exists a nominal operating point 95> such that our
uncertainty on the actual operating point is lessened by the fact that points
closer, in some sense, to the nominal are more likely to occur than those
more distant from it. This can be incorporated into our model, modifying the
payoff function in such a way that points in the uncertainty class are penalized
according to some distance from the nominal (D(q,qo)). Hence for soft minimax,

we have the payoff function

Ms(h’Q) = M(h,q) + D(quo) (2.33)

Note that now, the elements closer to qy are stronger candidates to be the
worst case. All the results derived before can be applied to the game with
payoff function Ms. Directly from the definition of regularity we can see
that (hL’qL) is a regular pair for (H,Q,M) if and only if it is for (H,Q,MS).
Besides it is not unusual that the distance function is convex in the uncer-

tainties; if so, condition iii) in Theorem 2.1 is also equivalent for both

Tl o ek
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types of minimax filtering. However the existence of a least favorable for
(H,Q,M) does not guarantee its existence for (H,Q,Ms), even when D is convex.
An example is sufficient in order to verify this.

Consider the convex set

Q= {(x,xy): 0<x, x, <1PU{O,1IV{,0}C R?

and the convex functions f£(x) = X5 g(x) = X,. Obviously

min £(x) = £((0,1))
x€Q
min g(x) = g((1,0))
x€Q

But there exists no z € Q such that

f(z) + g(2) = 0 = inf {f(x) + g(x)}
x€Q

PO S T T
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3. MATCHED FILTERING

3.1 Robust Matched Filtering Theorems

The linear system that maximizes the output signal-to-noise ratio at
some instant of time, when the input is a deterministic signal embedded in
additive random noise is known as the matched filter for this pair of signal
and noise. If the noise is a Gaussian process, then the output of this
filter in the instant in which the signal-to-noise ratio is maximized pro- 1
vides a sufficient statistic for any likelihood ratio detection test of the

input signal. Since the power of the noise at the output of the linear 1

filter depends on the second-order statistics of the input noise, a complate
specification of the signal and autocorrelation of the noise is necessary

and sufficient in order to derive the corresponding matched filter. Due to
modeling uncertainties or changing operating environments it is possible

that the second order characterization of the noise is not completely known.
Also, channel nonlinearities tend to distort the signal in an unpredictable
(or difficult to ascertain) way. In these cases it is interesting to design
a robust matched filter, i.e. a filter that gives the optimum - in some

sense - behavior within the uncertainty region. Poor (3] showed that under
some mild restrictions the design of the robust matched filter in the maximin
sense - the most widely used in robust decision problems - is equivalent to
finding the leést favorable possible pair of signal and noise. In this chap-
ter we derive the central results of robust matched filtering by using the
theorems proved in Chapter 2, and present some analvtical solutions for
particular uncertainty classes in the increasingly important case of discrete

time processing {4].
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A general formulation of the matched filter design problem that allows
the description of the input pair of signal and noise in various ways has
been given in [3]. Let a signal quantity (in the time or frequency domain)

be s € X, a noise quantity (e.g., covariance matrix or autocorrelation

function) be n € ¥, and a filter quantity (e.g. impulse response or trans-
fer function) be h € X, where # is a Hilbert space with inner product
(+,-)and X is a space of bounded, linear, (self-adjoint) positive operators

mapping ¥ to itself. The real valued functional defined by
p(h;s,n) = [(h,s)|%/(h,nh) (3.1)

represents the output signal-to-noise ratio of the filter at some time
instant, for the usual descriptions of signal and noise, either in continuous -
or discrete time. Note that in order for this definition to make sense, the
quantity n should represent a second order characterization of the noise.
Therefore, the filtering situation defining triple is (ﬂ;M><i;p). By direct
application of the Schwarz inequality the optimal (matched) filter for (s,n)
is such that n-h*(s,n) = s, Parallel to the notation in (2.1), we write

*
p*(s,n) = su> p(h;s,n) = (s, h (s,n)) (3.2)
h e X

ORIV

Now suppose that the signal and noise pair (s,n) belongs tc an uncertainty
class P. (A particular case is when the uncertainties in signal and noise
are independent in which case P = SxN). Thus we have the game (3(,P,p).

A pair of signal and noise (sL,nL) € P is said to be least favorable for
matched filtering if

(sL,nL) = arg min p*(s,n) (3.3)
(s,n) €P
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Furthermore, we will assume, in order to simplify the derivatioms that for
every (s,n) € P the optimal filter h*(s,n) € i exists. (Note that if n is
positive, it is not necessarily invertible; however, 1f h*(s,n) exists it

is uniquely defined.) The central result in maximin robust matched filtering

is the following.

Theorem 3.1
Suppose that
1. The uncertainty set P is convex.
2. h*(s,n) is defined for all (s,n) € P.
3. (s,h*(sL, (1-—u)nL-+an)> is right continuous at a = 0 for all
(s,n) € P.
Then, if (sL,nL) is a least favorable pair, its optimal filter is a robust

matched filter for (¥,P,p).

Proof
According to Theorem 2.1, since p(h;s,n) is convex in P for every
h € ¥ [3] (note, incidentally, that for every (s,n) € P, the SNR is not
concave in X), all we have to prove is that (hL,(sL,nL)) is a regular pair,
where nLhL =5
Let (o,v) = (1-a)(sL,nL) + a(s,n), with (s,n) € P. (By the assumed

*
convexity of P, (o0,v) € P.) Noting that the operator h (:,v) is linear we

get the following equation for later use

*
(1-a)[(sL,h (sL,v)) - (sL,hL>] =
% *
= (sL,h (sL-th,v)> - a(sL,h (sL,v) - hL) =
* *
= a[(sL,h (sL-nhL,v) -h (sL,v) + hL)] =

*
= af(s hL) - (sL,h (nhL,v)] (3.4)

L’

s
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Now we compute

* . - — * - 2
p (o,v) - p(hL,o,v) (hL’th) f¢o,h (o,v))(hL,th? |(a,hL)| 1 (3.5)

The numerator can be expanded in the expression

[ (1-a)? (sL,h*(sL,v)) + a2 (s,h¥(s,v)) +

3(L=a) (s, h (s.,v)) + (s b (s, [Chy,vh ) ] -

LV

2 2 2 2
[ (1-a) ((sL,hL)) + a ](s,hL)I + 2a(l-a)(sL,hL)Re(s,hL)]

2 *
(1-a) (sL,hL)[(sL,h (SL,V)) - (sL,hL)] +
*
2a (sL,hL)[Re(s,h (SL,V)) - Re (s,hL)] +

*
a (sL,h (sL,v)) ((hL,nhL) - (hL’nLhL)) + 0 (a) (3.6)

*
Where we have used that h (-,v) is self-adjoint. The first term of the right

hand of (3.6) is given by (3.4); therefore, the numerator of (3.5) is

*
(1-a)a [(sL,hL) - (sL,h (nhL,v))] (sL,hL) +
*
2a (sL,hL> [Re (s,h (sL,v)) - Re (s,hL)] +
*
a (sL,h (sL,v)) ((hL,nhL) - (SL’hL)) + 0 (a)
* ) + (s, ,h" )y ¢ )
= q [(SL,hL) (s ,h, =h (s;,v)) + (s ,h (sy»v)) ¢hy,ohy ) -

L’L

(s b)) (h*(sL,v),nhLH + 0 (a) (3.7)

Using assumption 3, the term in brackets goes to zero when a + 0, therefore
(3.5) is o(a) and consequently (SL’nL) is a regular pair since (s,n) is

arbitrary.
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Remarks

For the sake of clarity the theorem is not stated in its most general
form. It is enough that the uncertainty class P has property i) of Theorem
2.1. With respect to the continuity condition required by the theorem, we

have the following

Lemma 3.1

If nL is invertible then

* *
lim h (SL,\J) = h (SL’nL)
a v O

for all n € ¥ such that (sL,n) € P, where v = (l—a)n.L + an.

Proof

hvxlt = ll((l-o:)n1 +an)x | = (1—a)llanN ~ alinxit

2 (1~-a)ll n.Lxll - alinitlixt (3.8.1)

where the last inequality follows because n is bounded. If n, is invertible

(one to one and onto) then (Theorem 21.3 [21]) there exists ¢ > 0 such that

for every vector x
llanll » ¢ lix(

Now fix t such that 0 < t < ¢/(e + finll ). Then according to (3.8.1) for

every o € {0,t] and every x,

fvxll = 8iixl (3.8.2)

withé = (1~¢)e ~ tiall > 0.

]
b
E




m

24

Since v 1is self-adjoint positive
- 1 ——— e
H = Null (v)” = Range (v)

therefore, the range of v is dense. This fact and (3.8.2) imply that v is
invertible (Theorem 21.3 [21])). 1If we let x = v-ly in (3.82) for every

vector y we have

Iyl = w2y > sivlyy
and therefore for every a € [0,t]

vty 1
= syp —IL° < ¢ (3.8.3)

y Nyl

v~

The existence of v_l (for a € [0,t]) implies that the following is true

* * -1 *
h (sL,v) - h (SL’nL) =y (nL-v)h (sL,nL)

Taking norms

* * -1 *
Ih (sL,v) -~ h (sL,nL)H <liv I HnL-vH Ih (sL,nL)H

<a-rln -al llh*(sL,nL)H (3.8.4)

L

and the lemma is proved.

Note that,by the Banach inverse theorem [9], since v is linear and
! continuous its inverse (it is exists) is bounded. However this would not
be enough for the ~revious proof, since it requires that v-l is uniformly
bounded in a neighborhood of o = 0.

The conclusion is that the invertibility of n is sufficient for

condition 3 to be true (via Lemma 3.1 and Schwarz inequality).




——
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Now we are going to direct our attention to the important special case
in which the uncertainties in signal and noise are independent of each other

and therefore P = S xN,

Theorem 3.2

(hL,(sL,nL)) is a saddle point of (¥,SxN,p) if and only if
1. nLhL =S
2. l(s,hL)l > [« sL,hL)I ¥s € S 3.9

3. (hL,(nL—n)hL) >0 ¥n € N (3.10)

Proof

The payoff function for matched filtering (SNR), (3.1), can be

expressed as

o(h;s,n) = F(|J(s,h)],((h,nR))" 1) (3.11)

with F: ]R2 + R, F(x,y) = xzy. Consequently the uncertainties separation

theorem can be applied and equations (2.20) and (2.19) result in conditions

1, and 2-3 straightforwardly.

Remark

In [3] a similar result (for convex classes) was derived with conditionms

2 and 3 replaced by

2 Re {(s,hL)} - <sL,h ) - (hL’nhL) =0 (3.12)

L

for every (s,n) € SxN, 1In[5]) it was shown that this is equivalent to

condition 3 and

Re {« s,hL)} > (sL,hL) ¥Vs € S (3.13)

—e

.
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It is interesting to note that if S is convex (Theorem 3.2 does not
put any restriction on S and N) (3.9) and (3.13) are equivalent. First,
it is obvious that (3.13) implies (3.9). Now suppose there exists s, €S

< = -
such that Re{(sl,hL)} (sL,hL) and consider o, (1 a)sL + as, .

2 2
l(oa’hL)| - [(1-a)(sL,hL) + a Re (sl,hL)] +

2
(¢ Im (sl,hL)]
2 2 2 :
((sL,hL)) + a (Re (sl,hL) - (sL,hL)) + :
|
2a (sL,hL) (Re (sl,hL) - (sL,hL)) + i
1

2 2
a” (Im (sl,hL)) (3.14)

Denoting A = (sL,hL) - Re {s,,h. ) > 0, for every a such that

1L .;

0<a<2r(s b/ @%+ (Im (s b NP (3.15) 3

LML S10ML : i

we have that I<°ath)|2 < l(sL,hL)Iz. Therefore, since S is convex, o €8S i
and (3.9) does not hold. ]
1

3.2 Application to Discrete Time ]
One of the most important instances in which this problem appears is j

in Direct Sequence Spread Spectrum systems. In this case, the optimum

linear processor is an analog filter matched to the entire codeword wave-

i o Sntdn ondnd

form. However, because of technological or versatility considerations it

is often preferred to use a discrete-time matched filter whose input can
proceed from a direct sampling of the received codeword or from the sampling
of the output of an analog filter matched to the chip waveform.

In the above formulation, let X = IRk, s = [90""’sk~1]T’ h =

[ho,....hk_llr, where hi = gk-i-l' and Sy Ei are the values of signal and i
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]

filter impulse response respectively at the i-th sample. The inner product
is defined as the usyal scalar product: {(a,b) = aTb; and the noise des-
criptor is n € i'C‘kak, a positive-definite symmetric matrix, representing
the covariance matrix of the zero-mean input noise. It is easy to see that
with these definitions, (3.1) gives the power of the filter output due to
the signal, divided by the variance of the filter output due to the noise,
at the k-1-th sarple.

Note that in this (finite dimensional) case the noise operator (assumed
to be a positive definite matrix) is always invertible (thus h*(s,n) exists
for every pair) and through Lemma 3.1 the continuity condition of Theorem
3.1 is always satisfied.

In the sequel, we will deal with simple and general uncertainty classes

in order to illustrate the search for least favorable pairs.

3.2.1 Signal Uncertainty

We consider here two classes of uncertainties described by a bound on

the 22 and {_ norm of the deviation from a given nominal Sg°

152 uncertainty} . Let n, be the covariance matrix of the input noise, and

Sl the class of allowable signals defined by:
S, = {s € B, Is-syll <A} (3.16)
The least favorable signal S depends on n, and is given by the following:

Proposition 1

-1
s = argmin (s,no s) sg = © hL (3.17)
s € S1

el Wl Mt . s ke

PRy
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with
2
g HhLH = A (3.18)
~1
and hL no sL.
Proof

Since the covariance matrix of the noise is known and is positive

definite, according to Theorem 3.2, S is least favorable if and only if

PR IR VAUV N

(s.,h,) = min {(s,h ) ; (3.19)

but by (3.17) and (3.18) we have for s € Sl

i s gt e

(s-sL,hL) = (s-so,hL) +Al|hL|| , (3.20)

o h“‘.

where the right side is nonnegative by the Schwarz inequality:

Since sy €S is the least favorable signal.

1* 5L
We can get an alternative expression for the robust filter, with (3.17)

and (3.18):

|(s-so,hL>l <ih flis-syll < aln i . (3.21) ’

2..-1
hL (no + 0°1) Sy (3.22)

Equation (3.22) shows that the robust filter is the filter matched to the
nominal signal and the input noise with an added component of white noise

of wvariance 02. Note that in general, ¢ is computed recursively from (3.18)

and (3.22). Further simplification of the result can be obtained in parti-

cular cases such as the following:




— tee e=s ouw SN DU D B F B WD B e

-

29

Proposition 2

The - nominal - filter matched to (so,no) is robust for deviations
from Sy defined by the class Sl (3.16) if and only if A is an eigenvector

of n,.

Proof
First note from (3.1) that the performance of filter h is not affected

by scaling the impulse response by a constant, so the nominal filter is

robust if and only if there exists k € IRO, such that
2,41 _ ., -1
(n0 + 0°I) o kn0 so (3.23)
but this is equivalent to
2 -1
[(L-k)/o ]so n,'s, (3.24)

and since n-1 is invertible, (3.24) holds if and only if s

0 is an eigenvector

0
of ng.

[ _ uncertainty] . Let SZ’ the class of allowable signals, be defined by

k
S, ={se R, maxlsi-sOi[ <A, 1=0,...,k-1} (3.25)

In order to get the least favorable signal in this class, according to (3.3)

we have to find out the solution to the minimization problem:

k-1 k-1 -1
argmin I I (no )ij sisj (3.26)
, s € Jo X .. X Jk-l i=0 j=0
with J'i = [501-A, 301-+A]. In some special cases an analytic result is
achievable:




Proposition 3

If the samples of the noise are uncorrelated the least-favorable

signal sL in 32 is given by:

0 -A < Soi <A J
Sy~ sOi-A A< S04 (3.27)
301+A sOi<_A

Proof

If the noise samples are uncorrelated we have:

nal = diag(ﬂl,...,ﬂk)

with Ki > 0. For all i=0,..,,k-1, it is easy to see that:

s.s.. > (s )2 (3.28)

111 7 Sy

for any s € 32. Since hLi = zisLi’ this implies:
(sL,hL) = min (s,hL) (3.29)
s € SZ

Therefore, by Theorem 3.2, s. is the least favorable signal.

L

Proposition 4

If there exists an element s, € S2 such that

L
s.. -4 ifh ,>0
s,y " 01 L (3.30)
Soq *+0 1f b <0

with h, = n-lsL, then s, is the least favorable signal.

L 0

L
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Proof

The expressions (3.25) and (3.30) imply that for any s € S2 and

i=0,...,k-1,

h i8Sy 2 hyysey

Since this is sufficient in order to have (3.29), s

signal in 32.

(3.31)

is the least favorable

L

Note that this proposition suffers from the common inconvenience of

the results derived from the uncertainties separation theorem, namely SL

depends on hL’ and therefore the solution must be reached recursively except

for special cases. However, we can assure the existence of a solution of

the type of (3.30) and its direct computation under the condition of the

following:

Proposition 5

If the maximum deviation from the nominal signal in each sample is

bounded by:

A< minIhOil/max Z|(n

-1
)|
1 i m 0 jm

the least favorable signal s in 32 is given by

So1 = A if hOi >0

Li
Soi + A if hoi <0

where hO = nals0 is the nominal matched filter.

Proof

1
with hL ny sy and uL = 8~ 8, for 1{=0,...,k-1

(3.32)

(3.33)
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-1
L T I (CH (3.34)
since sL € 32, the absolute value of the components of uy is bounded by A.
Thus
-1 -1
|(n0 uL)il <A m§x i |(n0 )jm| (3.35)

and by (3.32)

- <
[hyy = hggl < Ihgyl (3.36)
which 1s sufficient in order that
sgn(h, ;) = sgn(hOi) (3.37)

Therefore, by Proposition 4, SL given by (3.33) is the least favorable signal

in 52.

3.2.2 Noise Uncertainty

Here we suppose that the nominal signal Sy is truly present at the
input, but the actual covariance matrix n is allowed to differ from the
nominal ny- The first is a general result useful for different classes of

uncertainties.

Lemma 3.2
n, is the least favorable noise for every nominal signal s0 € IRk if

*
and only 1if n is a maximal element of N (the uncertainty class).

‘ Proof

] Since there is no uncertainty in the signal we only need to prove

]
It is supposed that N does not depend on SO'
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conditions 1 and 3 of Theorem 3.2.

By definition, n is a maximal element of N, if and only if

nL S n (3.38)

for all n € N. But this is equivalent to (3.10) holding for all S0 € ]Rk
k
since for every hL € IR there exists 5, tLLhL.
As an application of this previous Lemma, we have a result on the

least favorability of white noise:

Proposition 6

Suppose n = cI € N, this is the least favorable covariance in N if and

*
only if Hn"z € ¢ for all n € N.

Proof
According to Lemma 3.2, cI is the least favorable covariance in N if
and only if it is the maximal element of the class, i.e. for all n € N,

x€ RS, x # O

xT(no-n)x = clixli? = xTnx > 0 (3.39)

(xTax) /Il < o (3.40)

Equivalently, by Rayleigh's principle [6],
p(n) < ¢ (3.41)

where p(n) denotes the spectral radius of n (maximum absolute value of its

eigenvalues), but HnH2 = p(n),

*
Hn"2 = Operator norm of n.
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Next, in analogy with the £2 signal uncertainty, we deal with a

specific deviation class defined by

N. = {n€ RS

1 , lln-noll < g, n> 0} (3.42)

where ¢ is a positive constant, n, is the nominal noise covariance matrix

and the norm is any valid matrix norm.

Proposition 7

The least favorable noise in N1 is
n, =n, + el (3.43)

Proof
By means of Lemma 3.2, this is equivalent to proof that n is a maximal
element of Nl. For any n € N1 and x € ]Rk:
xT(nL-n)x = xT(n0+€I-n)x = ellx|12 + xT(nO-n)x 3 (3.44)

but by the Schwarz inequality

|xT(n -n)x| < Ixl  (n, - w)xl (3.45)
0 0

< ixh?ng -l , (3.46)

where the last inequality must hold f(r any type of matrix norm [7]. Combining

(3.44) and (3.46) we get

T 2

X (nL—n)x 2 lixil (e-llno—nﬂ) 20 (3.47)
Finally, it is easy to see that n, € Nl since for any x € le, x # 0:

xTan = xTnox + sllxll2 >0 (3.48)
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Note that the expression (h,nh) can be put as the inner product of

matrices [n,hhT] defined by
T
fa,b] = tr {a * b} (3.49)

Then other uncertainty classes can be solved analytically via this inner

product. The reader is referred to Section 4.5.

3.2.3 Uncertainty in Signal and Noise

In this section we suppose that we receive some signal s € S and some
noise with covariance n € N. We must seek for a least favorable pair (sL,nL)
that fulfills conditions 2 and 3 of Theorem 3.2. If S and N are such that
analytical solutions for the least favorable signal and noise are available,

we get a set of two equations in two unknowns: s . and n, whose solution

L
exists 1f and only if there exists a least favorable pair in (S,N).
Further simplification is obtained when one or both of the equations

gives s, and/or directly, i.e. s, (n,) does not depend on the input noise
o Sy

L
(signal). As an example consider the case in which S = Sl (3.16) and N = Nl
(3.42). Recall that the least favorable signal and noise were given

respectively by:

nL = no + el

Therefore the robust matched filter hL = n.L'lsL is

hy = (ng + (c + ey 1g (3.50)

L 0

with oznhLH = . Note that if the nominal noise is white, the nominal matched
filter (h0 = so) is robust for uncertainties in signal and noise defined by

S1 and N1 respectively.

ittt
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3.2.4 Signal Selection

In this section we address the point of optimum signal design for
matched filtering in the presence of uncertainties. We will assume (as
is generally the case in signal selection) that the power of the signal
to be selected is constrained. When the incoming signal and noise axe
known and are processed by their matched filter, it is well known that
the signal that maximizes the SNR is the minimum-eigenvalue eigenvector
of the noise covariance matrix. However, as we will see, when the
received signal is deviated from the one sent this is, in general, no
longer true.

In essence, the problem of signal selection under uncertainties is

s, = are max max inf p(h;s,n) (3.51)
so,llsoll-c h €K (s,n)GS(so)XN

where in order to simplify matters we have assumed that the noise and
signal uncertainty classes are independent, and that the signal uncertainty
class is the deviation from a given nominal (like the models treated in
3.2.2). It is clear that if the signal is known, it has to be designed to
give optimal SNR with the least favorable noise, i.e. it must be its minimum-
eigenvalue eigenvector. If the noise is known, we investigate the signal
selection problem for the same uncertainty classes that we did in 3.2.2.
In any case (3.51) results in

-1
s, = arg max min (s,n “s)
so,ll Sg Il =¢ sES(sO)

= arg max (hL(so),nhL(sO)) . (3.52)
sO,HSOH-c




i)_@_2 uncertainty. Recalling (3.22), we have

(hy (sg),ah, (s5)) = sg(n+021)-1n (n+021)'lso :

only if x is eigenvector of (n-#ozl)-ln (n-H!zI)“l with eigenvalue

ey MR S M A R e o

i=1

So (3.52) results in the following nonlinear optimization problem:

k
arg max I A a?/(\ "’02)2
ii i
{ai} i=]

subject to
4 k

¢ I ai/(hi-+02)2 = A
i=]1

2

i1) £ _uncertainty. When the noise is uncorrelated we obtained the

It is easy to prove that x is eigenvector of n with eigenvalue A, if and

on sg. Let {¢l,...,¢k} be a family of orthonormal eigenvectors of n.
k

Then with s, = £ a,y

0 {=1 it

T 2_.-1 2_.-1 k 2 2.2
s.(a+0°I) m (n+0°I) s, = Z A,a,;/(A,+0")
0 0 ii i
i=]1
k
2 2.2 %
HhL(so)" (2 ai/(li~+0 )

(3.53)

X/(R'+02)2. Then, one tends to think that the optimum sy is the minimum-
eigenvalue eigenvector of (n-+021)-1n (n-i-ozI)-1 (and therefore an eigen-

vector of n); however, this is not necessarily the case, because ¢ depends

(3.54) .

(3.5%)

(3.56)

(3.57)

(3.58)

explicit solution for the least favorable signal in (3.27). Applying this

expression to (3.52) we get




S = arg max SM(sO)

m
so,ﬂsoll c

SM(sy) = (s (sg), n-lsL(so))

RN OVEYS L B O ok (3.59)
s, >a M so <01

0i

where {ki} is the set of eigenvalues of n.

Proposition 8

The optimal nominal signal for robust matched filtering when the
noise has a known diagonal covariance matrix and the uncertainty on the
received signal is modeled by an 2” class, is a wminimum-eigenvalue eigen-

vector of the noise covariance.

Proof

We suppose implicitly that the signal uncertainty is small compared
with its power (specifically kAz < cz). First we show that if o is such
that, for some i,0 < ISOiI < A, there exists s; such that Hs;H = HsOH = c

%
and SM(sO) > SM(so). Let

0 j=1 ;
s;j = {204 j#i,m (3.60)

/3 7

sOi + sOm I=m

with s, = mix {ISOiI} >a

-ahH2 . (Isg,] -3 >0 (3.61)

* 1 2 2
SM(so) - SM(so) = X; [ S0 +sOm
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Also, if sg is such that 801 > A with Xi > Xp = min {Xj}, there exists
* * * *
SO such that Hsoﬂ = Hsou = ¢ and SM(so) > SM(so). Let Sy be defined by

(3.60) replacing m by p.

* *
SM(sp) - SM(s,) = X'l;[(‘so,J 032 - ([, | -0)%- Xlz (lsgy ] -0
* 2
>i1;[2“|30p| + Isgql - |sopl) -7 ., (3.62)

Now consider

*|2

5,2 A
(‘sopl +‘501( -5) = Isop = Z‘SOiHsopl _A(|sopl +|501|) +T

= (e+8)a +2€¢86 >0, (3.63)

where ¢ = ,501]— A, & = lsopl-A are positive by supposition (otherwise

* fa
(3.61) shows already that s; is not optimal). Since ]sop[-+|30i| > 3

- U TN aE W I B e

(3.63) implies that the right side of (3.62) is positive, and thus we get
the desired result. Therefore, we have shown that the only S0 for which
there does not exist a different signal with better SM is the one having all
the samples corresponding to eigenvalues greater than the minimum, equal

to zero.,
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4. LINEAR OBSERVERS AND REGULATORS

4.1 Introduction

Undoubtedly, modern control is one of the areas in which the minimax
approach to problems with uncertain models has flourished more markedly.
Specifically, the great practical impact of Kalman filtering has resulted
in a sizable portion of technical literature related to the design of optimal
observers for systems whose noise statistics are not accurately known. How-
ever, up to now, the problem has not been treated with full generality; the
available results are related either to the steady-state case or to parti-
cular classes of uncertainties. Moreover, the main relevance of this appli-
cation of our general results for minimax robust filtering, stems from the
fact that the payoff functions that we encounter in these filtering situations
are not concave-convex and thus the use of the conventional theorems of game
theory is not possible (we will show that the often quoted treatment of
D'Appolito and Hutchinson [19] that relies on those results, is incorrect).

As in the other cases, two kinds of results will be presented, first a
minimax theorem, that gives a saddle point solution to the corresponding
game by showing that the minimax equality holds, and thus the solution is
the optimal filter for the least favorable operating point, and second a
procedure to find these least favorable situations for general uncertainty
classes. 1In order not to be overly repetitive, our emphasis will be in the
discrete~time case, presenting the main results in continuous-time as well.
We will analyze the following filtering situations:

i) the linear observer problem for predictor state estimation

SR

2ainhibob et

"™~
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i1) the linear observer problem for filter state estimation (ﬁklk)

1i1) the regulator problem for linear quadratic optimal control.
Finally, several discrete-time examples will illustrate the search for
least favorables for general uncertainty classes of covariance matrices

of practical interest.

For convenience, we repeat in the form of lemmas the results from

Chapter 2 that will be used in this chapter.

Lemma 1

Suppose that 6 (h,*) is concave in Q for every h € X#.

If a least favorable operating point -~ for (Q,ﬂ?,&) - 3y and its
optimum filter hL’ form a regular pair, then hL is a robust filter for

(p ,JC,& ).

Lemma 2
Suppose that Q is a cartesian product of sets, Q = QlX eee X Qk and

that the penalty function can be put as

5(h9(q1""’qk)) - F(fl(h,ql)!"‘)fk(h’qk)) »

with F nondecreasing in each one of its arguments. Denote, for i = 1,...,k

*
qi(h) = arg max fi(h,q) .
4 € Q

If hL is a solution of the equation

* %
p hL = arg hménj(‘* 5(h9(q1(h1)7"'1qk(hL)) R (2.20)
1 then hL is a robust filter for (P,X,5).




| Lemma 3
* *
Under the suppositions of lLemmas land 2, 9 = (ql(hL),...,qk(hL)) is a
*
least favorable operating point -- for (Q,¥ ,8) -- if and only if hL is a

solution to (2.20).

4.2 Robust observer problem

Consider the following linear discrete-time system

Tl T MR TR T P s kg SRSNL (4.1)
z = Cx v v, k <k <N-1 (4.2)

WEPVL Y

with x, an nX 1l state vector, Yy, an mX 1 control vector and z, an rX1
output vector. The initial state (xk ) is a random vector with mean m
°

and variance Eo’ and (w,_ + ;k)’ (v + ;k) are random sequences independent

of the initial state, representing the process and observation noises with .
means ;k and ;k and covariance
- 2
w -
cov (L [0 =% o (6.3
k ) wk e

We suppose that the means and the covariance matrices are known only to
belong to some uncertainty classes, °°1(“b’§ko"'";N-z';ko""’;h-z) -

- N- l = - bl
v € M, c:k’wi’ek’zo)k-ko A € C, such that z and z are positive

semidefinite, Gk is positive definite and @k is congruent with Ek and Gk-

In the presence of these uncertainties the optimal observer and regulator

problems will be solved in a minimax sense, i.e., our goal is to find

hR = arg min sup § (h, (y,A)) (4.4)
h € X (y,A)E MXC




R
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where X is some class of allowable filters and 8§ (:,-) is a penalty function.
In order to solve this game (MxC,¥,8) we will apply the general results

of Chapter 2.

1. Formulation
The optimal linear observer of the state of (4.1) is the solution to

T
E .
arg Hﬁéﬁx [ek/q Qk ek/qIUq,Zq], %.5)

where ¥ is the set of linear filters of appropriate dimensiomality with state
;k/q’ ek/q g X - ik/q’ Uq = {uko,...,uq}, Zq = {zko,...,zq} and Qe is a
positive semidefinite weighting matrix. When the second order statistics

of the stochastic system (4.1-3) are known, the solution for every time k is _
given by the Kalman filter; the cases of most general interest, i.e.,

q = k-1, (one-step) predictor estimate, and q =k, filter estimate, are

given by (e.g. [15]) recursive formulas of the form

ML/l ™ % Skl * Bk e e T Rt Vet S Se/wer) (4.6)
Y i W B (2 = V= O Ne/k-1) (4.7)

3 -=m . (4.8)
‘ko/ko-l Lo

Subtracting (4.6) from (4.1) and X from both sides of (4./) we get the

error dynamical equations for arbitrary K, E, m , GLk’ ;Lk:
Cerl/k T AT REY fk/k-l TR T Rt % et &M o0 49
ek ™ TEBCY e ier “ B m B (e ) o (4.10)

. - . (4.11)
ekolkol ’%o ™o

e N ot R it ok st




Denoting the error variances by Eilq = var [ek/q], the vector of means

in the estimator by YL (defined analogously to y), and the state-transition

of the fundamental matrix (A-KC) by ¥(+,+) and taking into account that

the white sequences w , v, are independent of & k-1’ (4.9-11) lead to
T - ]
E [ek/k—l ek/k-ll = ':/k-l + ¢k(IK)(y-YL)(Y'YL)T(IK)T¢T R (%.12) f
a T k-1 T ';J
:k/k-l = ¢(k,ko)20 ¢ (k’ko) + jfk P(k,j+1) M5¢ (k,j+1) , (4.13)
(o} E
Me=(re-RIfz 7017, G.14)
k k -=3
T -
Wk ek Kk
O = [8Uek )+ oen 2 OC,K) £ 0y o ], %.15) -
i : %0 X (N-1-kg)r |
@ = | Ty yal o ; (4.16)
o) Bl
B K-2 §
Eley ), eE/k] - ::/k + R Gyy) (Y'YL)T FE ’ (4.17)
a 1 - T T
ek T UIEG) Sy [I-RG T + ESE (4.18)

Fie = [T-B GO (O =B [0ne1ok yrx vk Ja' Tav-1k el - 4019

Here the subindices of the null and identity matrices indicate their

respective size.

2. Uncertaincy in Covariances

We suppose now that the means are known, 1i.e. Y=y and therefore that

the estimates are unbiased. By the definition of the state-transition matrix




o
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it is easy to check [16] that Ei/k-l satisfies the equation

SN CUEL U R CUEL A R (4.20)

The optimal gains are given by

* a
Ke=arg min o 3kl

o € R

gl SRRy k""’”ck “k/k-1 k+e] (4.21)

T, .
Stk ™ M Tl At

T - T T
(& 2 k-1 Ck IS B ey G + 8] M Sek-1 G ]

4.22)
z =3
k (k-1 " %o
* e arg min 3 a: ct SR (4.23)
" 3EkeRan"k/k k/k-1 G L% Fieper © .
where
k/q K l_,.keRan' k/q

can be precomputed since it does not depend on the observations.

Since all the matrices involved are possibly time-varying, in the remain-
der of the discussion we will drop, for convenience, their explicit dependence
on time except when this could be ambiguous.

In order to prove the minimax theorems we will make use of the following

sensitivity result.

Lemma 4
Suppose C' 1s a convex set and (Z,\I',G,E ) m A= (1-q) x\L + af¢ with

~L
- 1]
A= G L.Z ) and 2 = (V,X,Y,2) both belonging to C'. Let X /q be
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the state estimate of the Kalman filter designed for AL when A is truly
present. With e Yk ‘(k/ and T k/q E [Ek/q ;ilq] , we have that

for all :\L,Q € (' and time k, and for q=k,k-1

lim 1 o - -

a+0 a ("k/q Fk/q) 0 (4.25)
Proof

:k/k-l and rk/k—l satisfy the equations (4.14) and (4.20) for the

* * A
optimal Kalman gains K and KL designed for A and AL respectively. Note
that in both cases the same set of covariances (Z,\II,G,EO) is prese.nt.

Therefore, we have

x %*
etk " T = 1A - QO Gy - Tyjpeay) 1A - K CI

- W(K*-K:)T -« -K:) o+ e - KEGK:T
-« - K:) C /-1 AT-a Se/k-1 ¢ - K:)T

Lt T AT x . T _*T
KCE -1 © K +K CE 1 COK

* * T
=lA-KCl Gy - Ty [A-KCH

- (K*-K:) (€2 ct + 0] (K*-K:)T (4.26)

where in order to get the last equality the expression for K* (4.21) has
been taken into account. It 1is worth noting that (4.26) gives the varia-
tion of the error variance due to an arbitrary modification (up to here

the value of K: has not been used) of the optimal Kalman gain (cf. [17]).

%* *
Because lim %[K -I(L] exists for every time k and A'L’Q € (' (see Appendix 1),
a+o
in the limit (4.26) reduces to a homogeneous equation, and since :k /k -1 =
o' "o

S =T we have
o kolko-l
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lim 1 <

a+0 & “k/k-1 Ce/k-1) = 0 (4.27)

% *
Using (4.12) for E and EL’ again the gains designed for \ and \_‘ respectively,

*
and the expression (4.23) for E , a series of manipulations result in

e . . kT
S/ " T " LT-EC) Gorey ~Tieji-) [1-ECI

T

- @) ez, cfrel € - (4.28)

Now, taking lim %[-] of both sides of (4.28), the first term of the right
side is zeroaa-;oa consequence of (4.27) and the second term vanishes as
well, because lim -i- (E*-E:) exists as can be shown similarly to Appendix 1.
This ends the ;;2f of the Lemma.

If when the second order statistics are uncertain, we use the weighted
square error (4.5) as the penalty functiom, inasmuch as the history of the
least favorable statistics can be different for every k, it is possible
that the minimax filter is given by a recursion that does not solve the
problem for previous times, therefore we are forced to build a different

filter for every k, running from ko to k. The inapplicability of this

solution leads to the consideration of the penalty function (cf. [13])

N-1

kw=k
o

that when the statistical model is known has the same minimizing filter as
(4.5). Furthermore, note that the penalty function of (4.5) can be con-
sidered a particular case of (4.29).

We assume that C is an uncertainty class such that there exists a convexset C' D¢

that fulfills (2.13) achieving the inf sup, i.e. with least favorables. Given that the

means are known and ¥ is the set of linear filters, the following minimax theorem holds.

i e,
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Theorem 1
The Kalman filter for the least favorable collection of covariances

for (predictor/filter) state estimation is robust fox the game (C,X,L).

Proof
#
First consider the class ¥ of linear filters of the form (4.6-8) for
X
K,E €R"" T and with matrices A,B,C given by the original system (4.1-2).

Then the penalty function is

N-1
A = I 2 1 .
L(H,A) z tr{Qk k/q (4.30)
k=k
0
with :i/q given by (4.13), (4.14), (4.18) for q=k,k-1. Now we check that

the sufficient conditions of Lemma 1 hold in this case: 1) L(H,\) is
linear in 2, ¥, O, 20 and thus concave in C'; ii) it follows from Lemma 4
that every element in C' forms a regular pair with its associated Kalman
filter; and iii) since the Kalman filter (optimum over ) for a given A,
belongs always to the class Kﬁ we have condition ii) of Theorem 2.1 for any

set of covariances. (Note that if X, is a gaussian random vector and the
o

process and observation noises are jointly gaussian, we can drop the restric-
tion of linearity for the class ¥ in the Theorem.) Thus the assumptions of

Lemma 1 are satisfied and Theorem 1 follows.

Remark

The last proof allows us to notice the role of the class H? in Th. 2.1
Thanks to the previous restriction to the set of filters with given A, B, C
matrices we were able to pr.re the concavity in the uncertainties of the

penalty function, while the theorem holds for the general class of filters.
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(This restriction of the set of filters has been previously justified by

the convenience of an unbiased estimate [13]. However, this is not enough

to prove the optimality of the soclution over all possible linear estimators.)
Theorem 1 has reduced the original minimax filter design problem to

the search for least favorable sets of covariances. In this point the

application of Lemma 3 has proven to be successful in dealing with impor-

tant uncertainty classes in other contexts [ 5]. In the preseur case, let

us define

N-1
WoR) RS eT(k,i) R @ (k,]) (4.3D

b k=i
where Rk € Ran (i£ R » 0 then W(R) # 0), and <I>L(-,-) is the state transi-
tion matrix of the fundamental matrix (A-KLC). Using this definition and

interchanging the order of summationm, (4.13) and (4.18) result in

N-1 a N=-2
pA pA = z z
- er{Q, k/k—l} er{Z wko(Q) + e Mj Wj+1(Q)} (4.32)
[o] [}
N;l a . T
tr{Qk Zk/k} = cr{Zo Ty ([I-ELCI Q[I-ELC D
k-ko o
N-2 T
+ I Mj wj+l([I-E.Lc] Q[I-ELC])
I=k,
N-1 T
+ kzk ng Qk ELk ek} (4.33)
Q

Applying Lemma 3 to these expressions, Theorems 2 and 3 follow straight-

forwardly.
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Theorem 2
If C' can be put as the cartesian product of uncertainty classes

X = Px N xS, then (Z_,¥ ,0 ) is the least favorable collection of

L’L’ L"

covariances for predictor state estimation if and only if the following

are satisfied

N=-2
=, = z .
L = ars Zm;xx t:r{j , % j+1(Q)} (4.34) “
.
¥ = T v : . !
L = ars wménp tr{j'ko f KLj Wj+l(Q) (4.35) :
w2 ?
0 =
| = a8 em;xv tr{j-k f KLj j+l(Q) KLj (4.36) | 4
1
I, = ars :maé < tr{Zo wko(Q)} (4.37) .j
o

T L T -1 j
Kig = U Z5er G tued 16 Sy & * O] (4.38)

T, =
k+1/k =l k/k— 1%

-1 <L T T
- & S Ce * Y 11G, 2k/k L G o iy “k/k-1 G T
(4.39)
L =z (4.40)
k /k-1 oL ’
Notice that while the optimal observer for fixed covariances is independent
of the error weighting matrix Q, this is not the case here, since the least
favorable covariances may depend on Q. Moreover, the least favorable covari-

ances (from k-ko to N-1) depend on the final time N.
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Theorem 3
Under the hypothesis of Theorem 2, (‘ W GL,.. ) is the least
favorable collection of covariances for filter state estimation if and

only if (4.38-40) and the following are satisfied

N-2
T =arg max tr{ Z Z, P, .1} (4.41)
L & ey P I Lt
: (o]
; N-2 T
¥ = arg min tr{ £ ¥ P ..} (4.42)
i% L veEP?P =k, 3 KLj A
i
3 N-1 N-2
; T T
o, = T ® T e )
L = arg emZxN tr{j-ko 5 ELj Qj ELj + =y 3 ij Pj+l KLj} (4.43)
T _ = arg max tr{Z P } (4.44)
oL g ZOES o ko
P -Wj([I-ELC]TQ[I-ELC]) (4.45)
<L <L I ~1
Ele ™ “i/k-1 %k [Ck Te/k-1 St Ot (4.46)

3. Uncertainty in Means and Covarlances

Once we have solved the problem for uncertainty in the covariance
matrices, we drop the assumption that the means are known and we attack the

completely general question. The penalty functions for predictor and filter

state estimation are derived from (4.5), (4.12), (4.17)

N-1
L, (h,y,A) = kf (ex{Qy Iy} + (- y,_) §:98 «b Q. ¥y (IK) (y-y,))
o
(4.47)
L.(h A)-N§l<r{q Za}+(-)TFTQ F, (y-y.)) (4.48
gors) = = R B T T k P +48)
o
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& It is not possible to apply Lemmas 1 and 3 to these penalty functions

because they are not concave in the uncertainties (in fact, they are convex).

However, we can put the uncertainty set as the cartesian product x x P x N x
§$ x M, and the part of the penalty function due to the error variance can
be decomposed in the same way as in Theorems 2 and 3 in order to apply
Lemma 2 (note that no further decomposition of the penalty due to the means
is possible). Unfortunately, except for trivial mean uncertainty classes,
equation (2.20) has no solution in this case. The reason for this can be
seen intuitively considering that the performance of a filter built for a
given set of means can only be deteriorated when different means are truly
present, and hence no saddle-point solution to the filtering game exists.
Alternatively, we deal with the soft minimax solution to the
problem. According to this approach, useful to model frequent situatioms
in which there is not "total" uncertainty, operating points that are
closer to a given nominal are more likely to occur than those in the
uncertainty class more distant from it. This further knowledge can be
taken advantage of, by adding to the penalty function an additional term
accounting for the distance between the operating point and the nowinal.

Applying this to the uncertainty in means
T
' = - - -
Lp(h.y.l\) Lp(h.y,A) (y-vy) D (y-yy (4.49)

where D is a positive semidefinite matrix, and YN is the vector of nominal

means.

Theorem &

Suppose for all possible covariances we have
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N-1
s aoleq 8 (K -D<O (4.50)
k=k
o}

then the Kalman filter given by (4.34-40) and with nominal means is robust

for the game (M x C, X, L;) (predictor state estimation).

Proof

Applying Lemma 2, we see that in order for (2.20) to have a solutionm,
the Kalman gain must be the optimal for the least favorable set of covari-
ances (independent of the means) and thus (4.3é-37) must hold. Besides we
need a solution to

N-1

o T
ygp = arg min (v (yg) v) p

T,T *
(IK) "®. Q. @, (IK) (y (¥g) -¥,)
yLeM o=k k'k k R L

[+]
NGRS SER NONCA RN (4.51)
N-1

*
Py =arg max (royp' I (RQE (K (y-vy)
y €M k=k

T

- (y-yN)T D (y-yy (4.52)

But taking into account that,

Nl T,T
0< I (IK)®Q®*(IK) €D (4.53)
k=k
°
Y*(Y )=y _, and therefore y,. is solution to (4.51). An analogous proof holds
N N N

for the next theorem.

Theorem 5

Suppose for all possible covariances we have

A abth e okl e IS SV NPT SR B

o

gy -

ettt
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S -
< -
T F Q F -D<O (4.54)

k-ko ‘

1'

then the Kalman filter given by (4.38-46) and with nominal means is robust
for the game (Mx C,J(‘,L;) (filter state estimation).

It is interesting to remark that the design of observers for systems
with unknown input Uk is just a particular case of the.unknown means
problem treatec} here. Basar and Mintz [20] have solved a tracking-evasion
problem through the design of a filter-estimator for a system with obser-

vation noise and initial state with known second order statistics and

P TREVRIVOL.. WA o 1

unknown input. They use a penalty function that counterbalances the mean

square estimation error (in one instant) with a quadratic cost on the .

choice of the ianput. In our notation we have: for k-ko,...,N-Z, ;k
unknown, ka-o, vk-O, ‘I'k-O, -'-k-O, Qk-O; QN-l ¥ 0, mo-O,
D= diag(Di,,Do,Di) where Di, D: are matrices of appropriate dimensions

and arbitrarily large positive eigenvalues (this models the certainty

on mo and v Then the sufficient condition of Theorem 5 in order for

k)'

the robust estimator to have w,, =0, reduces to

Lk
[ I- Co ] T O(N-1,k +1)} oo IB(N-1,N-1)] T
Eg-1 Cy-1 k) ’

Qq_ql PON=1,k +1) i =i (N=1,N~1)] [ I-Ey,_, €y ;] = D, <O (4.55)

which is precisely the sufficient condition derived in (20] in order for

the minimax estimator to have Uk-o.




4.3 Robust Regulator Problem

1. Formulation
The optimal regulator for linear quadratic optimal control is the

solution to

arg min J(H,y,A) (4.56)
HE X
with
T NNl o1 T
J(H,y,A) = Elxg F xgzy ;] + k:k E(x Q % +U, O, U 17 ) (4.57)
o

where:ﬁcis the state of the system (4.1-2) with zero mean process noise,
K is the set of linear filters, with input Uk-l and zk-l and output Uk’
and F and Qlk positive semidefinite and Q2k positive definite. The optimal

filter when the noise covariances are fixed is (16] :

U ® =Gk Re/k-1 (4.58)
T -1.T
G = [0 * By Sy Bl By Sy A (4.59)
T T T -1 T
S ™ A Sk At Qe m A Siaa B (Qpp By Sy Bl T By Sig &
(4.60)
S. = F (4.61)

N

and ik/k-l the optimal predictor estimate given by (4.6), (4.8), (4.21),
(4.22). This is the consequence of the separation principle of stochastic
control, that enunciates the optimality of the feedback of the state esti-~
mate with the same gain as that in the known state case. Since the feedback
gain G does not depend on the statistics of the noise it should be expected,

that when these are unknown, the optimal value of G is unchanged, and thus
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the control and state estimation problems can still be solved separately.
We will prove this statement rigorously and will show that in general the
state estimates are not given by a minimax observer.

We will use the following identity [18].

TN N

Lemma 5

If the process noise has zero mean

N-1 :
T T T
Bl Fag s 2% Qe % U O O - i
i i
N~1
1

T -« -
= m, Sko =z, + tr{sko Zo} + k:k t:r{Sk_'_l -k}
[«

N-1
+ k}:k E[(U, + G, xk)T[Bi Sear B * Ol (G * G )] (4.62)
[o]

with G and S given by (4.59-61).

2. Uncertainty in Covariances

Theorem 6

The regulator consisting of the feedback for complete state infor-
mation, of the state estimates produced by the Kalman filter for the least
favorable collection of covariances for linear quadratic optimal control

is robust for the game ((C,X,J).

Proof
Similarly to the proof of Theorem 1, we first consider the class K’
of linear filters of the form (4.6), (4.58-61) for K € R and with

matrices A, B, C given by the original system. Let us define the positive
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semidefinite matrix

Lals (4.63) {

5T ;T
Sev1 B k Skl A

M = A Spap BlQp ¥ By Siyy Byl

then the penalty function can be expressed (by Lemma 3 and (4.58) and taking

into account that the means are known) as

N-1

T =
J(H,A) = m Sk m + tr{Sk 20} + Z cr{Sk+1 -k}
o (¢ k=k
o
N~1
+ = :r{N } (4.64)
k’ko k/k 1

Again this is linear in Z, ¥, O, 20, and thus concave in C'. Besides
Lemma 4 implies that every element in L' forms a regular pair -- for
(c',X ,J) -- with its optimum regulator. The optimal linear regulator
(over i) for any set of covariances belongs to the class Hﬁ, so we have
(2.7) for all A € C, and the theorem follows.

Note that, as the following theorem states, the least favorable set
of covariances for this problem may be different from the one for state
estimation, hence our previous assertion that the Kalman filter for the
minimax regulator is not a minimax observer, in general. By the same kind
of manipulations that led to (4.32), the penalty function can be expressed
as

T
J(H,\) = m Sko m + :t‘{Sko Z + SN "l-l}

N=2
+ :z(zo wko(N) + I (‘j sj+1 j j+l(N))} (4.65)

I=k,

Lemma 3 can be applied to this expression resulting in




Theorem 7

Under the same assumptions and definitions as in Theorem 2,
(EL,¢i L’- ) is the least favorable collection of covariances for
linear quadratic optimal control if and only 1if (4,38-40) and the following

are satisfied.

N=2

Z = arg Eméx; tr{-'-N_1 F + jzk j(Sj+l j+1(N))} (4.66)

N=-2 T
¥ - arg min :r{jfk LA SR O} (4.67)

o]

N-2
eL = arg G?ZXN tr{jfk ej KLj j+l(‘1) KLj (4.68)
poi = p)] .
Z,L = arg :maexs tr{ o(sko + \'rIko(N))} (4.69)

3. Uncertainty in Means and Covariances

When the means of the initial state and of the observation noise are
unknown, the penalty function is, using soft minimax,
N-1 N-1

= ) =z porgl
J(h,y,A) tr{Sk Zo} + :r{Sk+l k} + I tr{Nk k/k-l}

o k=k k=k
° °

N-1

+@-v) T T et N e -V D+ viasyv
k=k

T
- (V-VN) D(V-VN) (4.70)
where (JK) - dias{ In’-Kk gese ,-KN_z}; (IS) - diag{Sk ,O(N'l-k )r} *
() [o] [o)

V= col(m Vv »..05V o) (analogously V, and V,) then we have straightforwardly

from Lemma 2, the following

VSN SR U

P P
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Theorem 8

The regulator consisting of the feedback for complete state information
of the state estimates produced by the Kalman filter given by (4.38-40) and

(4.66-69) and with means V_ that solve

R
T 1 o1
Bt ik ) " - v R LS WO -v) .71
L
. o M1
Vv = max (V- V) (JK) z <bk k<l>k(JK)(V V)
ve M kek
[o]
+ P(IS)V - (V- v) D (V=7 (4.72)

is robust for the game (M x C,¥,J).

4.4 Continuous-time case

Consider a system described by the stochastic differential equations

dxt = A(t) X, dt + B(t) u, dt + dft 6.73)

dyt = C(t) X, de + dat (4.74)

with X, an nx]l state vector, u, and mxl control vector, Ve and rxl output
vector, and §t, at Wiener processes with incremental covariance
Z(t) ¥(t)
cov [d i't, dﬂt] =T dt (4.75)
¥ (t) ©O(r)
and with the initial state x(to) a gaussian random vector with mean X, and
variance Zo uncorrelated with It and Ot.
We will suppose here that the means are known and that the covariance

matrices belong to an uncertainty set (E(t),W(t),O(t),Zo) =AEC, It is




well known that the optimal observer of the state, i.e. the system that

minimizes

1

L(H,A) -J E[e:Q(S)eslu<s.y<S]ds (4.76)
%o
where e, = xt-ﬁt and Q(t) is a positive definite weighting matrix in the
Kalman filter, is given by
dit = A(c)itdc + B(t)u dt + x(t)[dyt-C(t)itd:] %.77)
K(t) = [P(E)CT(E) + ()]0 1(e) (4.78)
B(e) = [ACE) - ¥(£)O L(E)C(E)IP(t) + B(t) [A(r) - ¥(e)o L(e)c()”
- P(O)CT ()0 1 (£)C(E)P(L) + Z() - W(1)O ()¢ (t) (4.79)

o Xy T X, (4.80)
o

P(to) =2

Moreover, the optimal regulator for linear quadratic optimal control is the

system that minimizes

T ‘1 T T
J(H,A) = E[xtFxt[y<t] + J [x,Q; (s)x, + u Q,(s)u_]ds (4.81)
%o
is given by
u(t) = -G(t)=x(t) (4.82)
-1 T
G(t) = -Q2 (t)B (t)s(t) (4.83)
-8(6) = AT(E)S(E) + S(DAR) + (1) = S(DB(E)IY, (D)B(EIS(E) (4.84)
s(ty) = F (4.85)

R J
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and x(t) given by (4.77-80).
Then, all the results in discrete-time have their respective parallels

in continuous time:

Lemma 6

Suppose C' is a convex set and CE,W;G,EO) = A = (1--a)AL + of2 with

AL = (EL’wi’eL’zoL) and & = (V,X,Y,2) both belonging to C'.

Let Et be the error of the optimal observer for AL when A is the operating

- -T
point and let Rt E[etetl' Then

lim & (. -R] =0 (4.86)
a+0a t t

Proof

By similar manipulations we can get the counterpart of equation (4.26):
(B-B) = (A-KO(E-B) + (F-R)(A-KOT + (K-K)OK-K)" (4.87)

Analogously to Appendix 1 we can see that (K-—KL) = 0(a), and when o tends to
0, all the coefficients of the Ricati equation (4.79) are perturbed line.tly.
Moreover, since the initial condition P(to) - R(to) = 0, the solution of

(4.87) is o(a).

Theorem 9

The Kalman filter for the least favorable collection of covariances for

continuous-time state estimation is robust for the game (C,¥,L).

Proof

Using Lemma 6 the proof is completely analogous to the one in Theorem 1,

noting that

dma -

PV

HIEY N oY
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1

L(H,A) = J tr{QtPt}dt (4.88)
t
0

For linear quadratic optimal control, the following Lemma [18] is used.

Lemma 7

t
E[XT F X + ! [XT Q, X + UT Q, U Jdt] =
tl tl t 17t t "2 7t
t
0
t
T - 1 -
= xo S(to)xo + tr{s(to)“o} + Jt tr{=S}dt
0
t
1 T
+ E[Jt (Ut + G Xt) Qz(Ut + G Xt)dt] (4.89)

0
where G and S are given by (4.83-85).

Theorem 10

The regulator consisting of the feedback for complete state information,
of the state estimates produce’ by the continuous-time Kalman filter for the
least favorable collection of covariances for linear quadratic optimal control

is robust for the game (C,¥,J).

Proof
Again, the penalty function is

5

J(H, ) = Xt S(to)Xo + tr{S(to)Eo} + J tr{ZS}de
(o] to
t
1 T
+ J tr{G Q2 G P}dt (4.90)
t

0




l
I
l
)
i
i
I
i
i
!
!
!
|
l
l
!
l
!
l

63

and Lemma 6 can be applied to yield the desired result by the same reasoning

as in the proof of Theorem 6.

Identically to (4.31) we define in the continuous-time case:

4

4 T
W)\(R) = I ¢L (t,A) Rt <l>L (t,\) dt (4.91)

A

Then the next two theorems are proved similarly to Theorems 2 and 7.

Theorem 11
If the covariance uncertainty classes are independent then (EL,‘I'L,GL,ZOL)
is the least favorable collection of covariances for continuous-time state

estimation if and only if the following are satisfied

t

0
EL = arg max ¢tr { j Z(t)wt(Q)dt } (4.92)
=z E€EX t,
t, .
¥ = arg min tr { I ¥(D)KT W LQ)de } (4.93)
L ve p ¢ &Lt. t
1l
t
0 T
OL = arg emng tr { L e(t)KLtwt(q)KLtdt } (4.94)
1l
Z . =arg max tr{Z W_(Q)} (4.95)
oL T €S ° to
o
T -1
KL [PLC + \PL]OL (4.96)
. -1 -1 T T -1 = _wo-lyT
B = (a-¥ @ 'cIP + P [A-¥67'c]" - P COCP +3 wLeLle (4.97)
P lt) = 2oL (4.98)
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Theorem 12
If the covariance uncertainty classes are independent then (EL’wi’eL’zoL) ]
is the least favorable collection of covariances for linear quadratic optimal

control if and only if (4.96-98) and the following are satisfied.

t
(1 k
EL = arg max ¢Ctr { Z(t)[S(e) +W ()] 4t } (4.99) ]
Zex Je t :
0 v
t 3
1 T
WL = arg w?énp tr { J, W(t)KLtWt(N)dt } (4.100) :
0
t
1 T
OL = arg O?ZXN tr { Jt e(t)KLtwt(N)KLtdt } (4.101)
0
EoL = arg Em;xS tr{Zo(S(to) + Wto(N)} (4.102)
N T
= G Q2 G (4.103)

Steady state case

Consider the case in which the system and covariance matrices are time
invariant. Under the proper assumptions, S(t) and PL(t) given by the Ricatti
equations (4.84) and (4.97) reach a steady-state solution. If we consider the

case t, = T + o, the penalty function should be converted to lim i J(T), in

1 T oI
which case, (4.99-101) result in
EL = arg max tr{=(S + W(N))} (4.104)
zTeX
WL = arg min tr{¥ KE Ww(N)} (4.105)
vYeEP
T
O = arg max tr{K © W(N)} (4.106)
L Boutiihe A
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but, from (4.91) we can see that W(N) is the solution to the algebraic

Riccati equation
(A - KLC)TW(N) +UN)(A - KC) +N =0 (4.107)

Therefore, (4.104) and (4.106) are precisely the equations given in [11] for
the uncorrelated steady-state case. An analogous discussion with Theorem 11

results in the conditions of [10] for the state estimation problem.

4.5 Application of the Conditions for Least Favorability

The recursive character of the sets of equations for least favorability
given in Sections 2 and 3 makes them attractive for a numerical solution
based on an iterative search of least favorable covariances and filter
matrices. However, for some uncertainty classes further analytical results
are possible, as we show in this section. In order to illustrate the use

of the conditions for least favorability we will consider several cases:

i) If the uncertainty classes do not impose a time dependence upon their
elements (i.e., they comstrain only the instantaneous values of the matrices),

the least favorability conditions resuylt in the extremization of the "weighted

S

trace", cr(Uk Ti), of the unknown matrix U for every sample, where T is given
by every particular condition.

a) When the autocovariance classes x, N or S have an element that
is maximal for every time k, i.e. UMk--Uk is positive semidefinite for
every element Uk in the class, for all k, this is the least favorable
(cf. {12],{14]1). This follows because in the corresponding conditions every
unknown autocovariance matrix appears multiplying, under the trace, a

positive semidefinite matrix.




b) Suppose all is known of a particular covariance matrix Uk‘ is

that its elements lie between some independent bounds

U, 1,3) < U (1,3) < U (L,3) (4.108)

preserving the definiteness of the matrix if it belongs to an autocovariance
class. Obviously this class is convex and the least-favorability conditions

can be used. We get easily that the least favorable matrix satisfies

ﬁk(i,j) if T (1,3) <0

U (1.3) = (4.109)
U (4,5 if T (1,3) >0

In particular, if Tk is positive definite the diagonal elements of ULk
have their largest possible value, a result that was achieved employing
different techniques in [13] for observer design with uncertainties only in

the autocovariances of the process and observation noises.

ii) Consider the following model “or the deviation of the time varying

matrices from a given nominal:

y = {{Uk}if_k , U € R jv-ul) <A} (4.110)
[o]

with the possible preservation of definiteness, as before. The norm of

(4.110) is the root mean square of the Euclidean norm, i.e.

. M a b 2
iti®= = Iz (U, (1,3)) (4.111)
k=k 1=l j=1

and it is easy to check that coincides with the norm associated with the
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ianer product
M T
<AB> = gr{ Z Ak nk} (4.112)
k=k
o
axb

where Ak’ Bk € R .

Note that this definition of the norm for matrices of arbitrary frame
allows the accomodation of uncertainties in the crosscovariance V. Convexity
of the set y follows directly from the Schwarz inequality, thus it is

possible to apply the conditions for least favorabilicy, that can be expressed

in general as

L UE y

where ext is max/min for auto/cross-covariances respectively. The solution

of (4.113) is (Proposition 1, Chapter 3)

U = vl 4 er (6.114)

where ¢ is a nonnegative scalar such that UL is an extremal element of y,
and should be computed recursively. For example, suppose that the cross-
covariance of the process and observation noise is uncertain around an
uncorrelated nominal model. Then for the cases exposed in Sections 2 and
3, the least favorable conditions are (4.35), (4.42), (4.67), with the
common form

N=-2

T
¥ = arg min tr{ I ¥ W ..} (4.115)
L ver im0 Ky %

if the uncertainty class (4.110) is used, the least favorable is

U, = arg ext <U,T> (4.113)
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WLj = -g W:l+1 l&.j (4.116)

Substituting this into (4.38) the Kalman gain for the robust filter is

KL-A2L Trcelcl+o+ewny™? (4.117)

R =1(C Lclreyr+ceurtachct (4.118)

when the dimension of the system (n) and observation (r) is one respectively.
In order to treat uncertainties in the covariance of the initial condi-

tion, or when the other unknown matrices are restricted to be constant, we

can use (4.110) as the deviation class with the additional assumption that

U is time invariant and the norm (4.111) is not summed over time. Then we

define the inner product as
<A,B> = tr{A BT} (4.119)

and the least favorable has the form

© 4 ¢z 1 (4.120)

U =1U
k=k &
[s]

L

if dealing with £, ¥ or ©, and (4.114) for 20.

4.6 Conclusions

The application of the general formulation of minimax robust filtering
has allowed us to present minimax theorems for predictor and filter state
estimation and for quadratic control, under general classes of uncertain-
ties in the second order statistics of the linear stochastic system. These
results represent a generalization of earlier works {1],(2] devoted to the

steady-state case for invariant coantinuous-time systems with uncorrvelated




noises. The minimax theorems state that the minimax filter is the optimal
for the least favorable collection of noise covariances; this saddie point
property implies a very attractive feature, namely, that when the actual
covariances differ from the least favorable ones, the performance of the
filter is upgraded. Sets of necessary and sufficient conditions are given
for the least favorability of the four types of covariance matrices involved.
These conditions lend themselves to a recursive solution, and are applied
successfully .to deviation classes of practical interest. It is worth to
underscore that under the same type of uncertainty the worst case covari-
ances do not necessarily coincide for the three types of filters treated
here, in particular the observer used for the minimax regulator is not in
general, a minimax predictor state estimator.

Given a particular expected deviation behavior, the tradeoff between
the decrease of performance (with respect to the nominal filter) in the
nominal model and the improvement of the worst case, should be assessed
for the practical application of the minimax filters presented. The soft
minimax approach has been used to deal with unknown means, and the con-
nection with earlier works for estimators with unknown forcing functions,
has been shown. 1If the covariance uncertainty classes can be modeled,
as well, including nominals that are more likely to occur, their soft

minimax solution is straightforward from the previous results.
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Appendix 1

Proof of the existence of the linear term of the Taylor series of K
in powers of «,

Denoting é7 = lim %-(W(a) - 7(0)), differentiating (3.17) and (3.18)
a+o

T

* T T -1 -1
§K = ([AS8Z C fx]-[Ach +\PL]R [cszkc + YPR (A.1.1)

k

T
o) - v
6-k+l A8..k A

T

T -1 T
-[A&Ekc + X]I R [AZLC +\IrL]

T

¢ AT -1 T -1 « T
+[A-Lc +\IIL]R [cszkc + Y] R [A.LC +\IrL]

-(az c’+wL1R'1[cs:k AT+ xfy+v (A.1.2)

kK - Zand R=C ZL CT + ©_, but since GL is positive definite and

o
ZL is positive semidefinite, R is nonsingular. Thus dK exists for every

with 82

time k, and all A.L,Q €cC'.
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Appendix 2

For the case of uncorrelated and time invariant noises with a priori

known covariance of initial state and first order statistics, a proof of
the minimax theorem for Kalman gain design in continuous time, has
appeared previously in the literature [19). The authors show the con-
cavity in the uncertainties and the convexity in the gain matrix, of the
payoff function, and therefore are able to apply a standard game theoretic
theorem. Unfortunately the payoff function is not convex in the Kalman
gain as can be illustrated by a simple one-dimensional continuous time
example:

X = -x

y=x+w

where the initial state at t =0 is known, and the variance of the white
observation noise w is assumed to be ©. The mean-square error of an

observer with constant gain K, at time t =-% is easily obtained
E [e2<%)1 =20 &/ (K+1))(1-exp(-k-1))

a function that is not convex in K. (Obviously the optimal X is zero,
since no observations are needed in order to estimate the state without
error.)

The mistake in the proof of the convexity, is committed by neglecting
the dependence of the error covariance on the gain K when taking the

derivative of a Riccati equation with respect to K.

ettt o G0l ES. L a L e kRO e . .



5. OTHER APPLICATIONS

5.1 Wiener Filtering

Wiener filtering is one of the most developed applications of minimax :

robust filtering to date. The precursor work of Kassam and Lim [26] was

(N

followed by the formalization of Poor [27] and the study of the discrete-
time causal Wiener filtering problem by Vastola and Poor [28]. The purpose N

of this section is to illustrate the application of the results of Chapter 1

2 to the noncausal uncorrelated case (the general situation can be handled

in a similar fashion). While the application of the robust filtering theorem
leads to a slight generalization (the signal and noise uncertainties are not
required to be independent) of Theorem 1 of [27], the uncertainties separa-
tion theorem results in a set of conditions for least-favorability similar

to those given in Chapters 3 and 4. (Note incidentally that in the area of
robust Wiener filtering an atypical definition of least-favorability has been
used. This confusion has its origin in an obscure discussion in [31].) Let

us consider the penalty function
E(;s,n) = r [5(w) |R(@) - 1) |2 +n(@ (1) |7 (5.1)

where H € X, (s,n) € P C FxF with X and F representing some adequate spaces

of filter transfer functions and power spectral demsities, respectively.

Theorem 5.1

Suppose P is convex, then if (SL‘nL) is a least favorable for (P,¥,E)

sL(w)
R N CER )

(5.2)

i{s a minimax robust filter for the game (P,X,E).
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Proof

Note that the penalty function (5.1) is linear (and therefore concave)
in the uncertainties. (Moreover, it is convex in the set of filters, thus
standard minimax theorems could be used in this proof.) So it is sufficient
to prove that (HL,(sL,nL)) is a regular pair in order to prove the result
via the robust filtering theorem.

Let (o,v) = (l-a)(sL,nL) + a(s,n), where (s,n) € P. Then 3

E'(9,v) - E(H 30,) =

r k(W) |2

0 (W) v(w)

STy | @ R@ -1 @] +v@ 1 @]

o(w) +v(w) ~ sy (w) + n (w) Sy (w) + n (w)

n, (W) 2 s_(w) 2
R 12[—L° IO TPRY e iy R B A ]dw

2

o (W, (@) - v(Ws, ()]

=J" ) L —L 1K) |2 dw
~ oy (@ +s, @] 2@ @) +v()

, [s@n @ -a@s, @]°

|K(u0|2 dw (5.3)

- a

L3

[n @) +5, @] %@ (@) +v(@)

Hence, for every (s,n) € P

1 %
lim = [E (o,v) - E(H,;0,v)] =0
a v+ O « HL

Theorem 5.2
Suppose the uncertainties in signal and noise and independent, i.e.
P=SxN.

((sL,nL),HL) is a saddle point of (SxN,¥,E) if and only if
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SL(U)
1. HL(w) = K(w) s () Fo (o’ (5.2)
L L
2. s, = argmax f” s(w) |K(w) - HL(u0|2 dw , (5.4)
SES /-
3. o = argmax n(w)IH_L(w)|2 dw - (5.5)
REN /=0

Proof

The payoff function can be written as
-E(H;s,n) = fl(H,s) + fz(H,n) ,

£,(H,s) = -r s(@) |K(w) - H@ |? o,

fz(H,n) = -j” n(w)IH(w)Iz dw ,

and therefore the uncertainties separation theorem (Thm. 2.2) can be used.
Note that (5.5) is a special case of (3.10) and therefore the previously

derived results for matched filtering with noise uncertainty are useful here.

Apropos of signal uncertainty the following result can be proved similarly

to Prop. 3.1.

Proposition

The least favorable signal power spectral density in the class

S = {s(w) € F: [” [so(w)--s(w)l2 dw < AZ} (5.6)

is given by
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s (@ = s5(@) + 5 |K(@) - B (@ | (5.7
where o
4 b
5 =A/[J K@) - H (@] do] (5.8)

At this point, the reader should not be confident on a theory that leads
to a result such as the proposition above. Suppose that the power spectral
density of the noise is fixed and is bounded away from zero. Let n be a
constant such that

50 (@)

sup 3 <n<1
wER sy(w) +3 |R(w) ~ H, (@)

Then, straightforward manipulations show that nsL € S. How is it possible

that an attenuated version of sy is more favorable than SL itself? 1Indeed,

the Wiener filter for s, gives larger mean square error than the Wiener

L
filter for ns.,. The clue of the question is that we are not using the

L
penalty function that we should; in practice it is more meaningful, in
general, to minimize the MSE relative to the signal power than the MSE
itself. Of course in the original Wiener filtering problem (with fixed
input PSD's) both criteria coincide; however, in robust Wiener filtering
a different penalty function should be used, e.g. the MSE relative to the
input signal power,

[s (&) (K@) = H(w) |2 +n(@) [HE) [P do

L(H;s,n) = (5.9)

[” s(w) dw

Note that when the signal uncertainty class is such that all its members




76

have the same power (like those in [26] and [27]), this is equivalent to
(5.1). However, none of the results developed in Chapter 2 can be applied
to this function, on one hand it is not concave in the signal, and on the
other it cannot be put in the form required by the uncertainties separa-
tion theorem. Therefore, robust Wiener filtering in this more general

setting remains an interesting open problem.

5.2 Quadratic Receivers

The optimum quadratic receiver for the detection of a stochastic
signal imbedded in additive noise, maximizes the deflection of the quadratic
test statistic (s+n, H(s+n)); if the noise is gaussian, the deflection can
be expressed as [23]

tr2 {H Ks}
DUH;Kg:Ky) = Tr THK_ HK_J (3.10)
n o n
where Ks and Kn are the signal and noise autocorrelation operators. The

optimal filter is

* -1 -1
B (KK ) = K© K K (5.11)

achieving a maximum deflection

* -1 -1
D (KS,Kn) tr {KS K.n Ks Kn } (5.12)
Several generalized signal-to-noise ratios have been used besides

the deflection [23]. 1In [24] it was given a generalization of (5.10) --

involving the variance of the test under the signal present hypothesis --

that allows an analytic solution for the optimal filter, namely
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trz{HKs}
G(H;K_,K ) = (5.13)
s’ n 2 2
tr{ao HKnHKh-PZQOa HKhHKS-Fal HKSHKS}

1

* . -1 -1
H (Ks,Kn) (aoKn + ale) Ks(uoKn + alKS)

In order to apply the robust filtering theorem to these instances, we need
to check the convexity of the payoff functions in the possible uncertainties.
It is easy to see (by counterexample) that neither (5.10) nor (5.13) are
convex in the noise operator for arbitrary KS. And while (5.13) 1is not

convex in Ks for arbitrary ao, al, Kn’ (it can be shown taking derivatives

EIIPY S T S N S

in the one-dimensional case), (5.10) is convex in KS:

er(uLQ - @K, +ak_l) < (1- a)tr? (HK_ ) + atrz(HKsz)

- 1

where the inequality follows from the linearity of the trace and the con-

vexity of f(x) = x2. Therefore the robust filtering theorem can only be

applied to the maximum-deflection quadratic receiver for fixed noise

autocorrelation.

Theorem 5.3

Suppose the signal autocorrelation uncertainty set S is convex, and
KL is the least favorable signal autocorrelation, then HL = K;l KL K;l

is a robust filter for (¥,S,D).

Proof

All we need to prove is that (HL,KL) is a regular pair. Let Ks =

(1--0.)[(L + oK, KE S




D" (KK ) - D(H ;K_,K ) =

tr{K;l K, K;]' Ks} tr{HL KL} - trz{lrl.L Ks}

tr{HL KL}
1 2 -1 -1
" ET [tr{H.L K -o)® erlk ™ R K K}

+2a(1-a) tr{K;l K, K;l K} + o2 tr{K;]' K K;l K}
- (Q-0) tr{d K1 +a tr{l'lL K})z]
cxz -1 -1 2
= —— ftr{K " K K~ K} tr{ } - tr"{H, K}] (5.14)
tr{, K} n n L L

therefore (HL,KL) is indeed a regular pair for every KL €S,

When there are uncertainties in the noise autocorrelation the problem
can still be solved via the following direct application of the uncertainties

separation theorem.

Theorem 5.4
Suppose the uncertainties in the signal and noise autocorrelation
operators are independent. (HI.’(KSL'KnL)) is a saddle point of (¥,SxN,D)

if and only if the following conditions hold:

-1 -1
1. H =K, K Ko

2. K, = min tr{H K} ,
sL KSES HL s

3. K., = max tr{H K H K. }
al KnGN L n L n
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Note that condition 2 has the same form that the least favorability condi-
tions did in Chapter 4. 1In particular, the results in Section 4.5 hold
for the signal uncertainty here with minor modifications. Note also that
the uncertainties separation theorem cannot be applied to the generalized ;
criterion (5.13), providing another example in which neither of the theorems

in Chapter 2 can be used.

5.3 Qutput-Energy Filter

When the received signal is random, sometimes a linear receiver that

maximizes the signal to noise ratio is used {25]. In this case the output

signal-to~noise ratio is given by:

Energy of output due to signal
Energy of output due to noise

R(h;KS,Kn) =

(h, K_h)
s

“TH, KB (5.18)
n

where as before KS and Kn are the signal and noise autocorrelation operators.
Further justification of this criterion of optimality is possible considering
the SNR of (3.1) as a random variable, in which case its expected value coin-
cides with (5.18). Moreover, consider the special type of quadratic receiver
consisting of a linear filter followed by a square law device. If the signal
and noise are jointly gaussian processes, the variance of the output of the
receiver is proportional to the square of the variance of the output of the
filter, and therefore the deflection of the output of the receiver is propor-
tional to the square of the energy ratio (5.18).

The optimal output-energy filter is

1

* -
h (Ks’Kn) = eigenvector of Kn KS with maximum eigenvalue (5.19)

This can be proved analogously to Theorem X.13 of [29].
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Claim

R(h;Ks’Kh) is

1. Convex in KS for arbitrary h and Kn;
2. Convex in Kn for arbitrary h and KS;

3. Not convex in (Ks’Kn) for arbitrary h.

Proof

The first assertion is evident since R(h’Ks'Kn) is linear in Ks.

To prove the second we use the method of the proof of Lemma 6 of [30]. Let

. {h, Kjh)
K.n = (l--or.)K1 + aKz and 8 = a (Ej~iij— . Then

1 1 1

R R T Y TR
n n n

1 1

= 8wl Y + (1-8) 5, Y

<a 1 1

2

Th, KR Q-0

(5.20)

where the inequality follows from B < a (k.l,l(2 are non-negative operators

by assumption). The third assertion is easily verified by a one-dimensional

counterexample. (Let (Ks’Kn) = %(4,2) + %(1,D).)

Therefore the robust filtering theorem, if applicable, will treat

uncertainties either in the signal or noise operator but not in both.

However, a general result of the kind that we have presented for all the

previous filtering situations 1s not possible here, because the existence

of regular pairs for given operators KsL and KnL will depend on every

particular uncertainty class. As an example consider the simple discrete-

time case in which Kn = I and we have some class S of diagonal matrices.

% JFV A SO




Then any matrix with distinct diagonal elements forms a regular pair with

its maximum-eigenvalue eigenvector; however, any matrix whose maximum-
eigenvalue eigenspace has dimension greater than unity does not form a
regular pair with any vector. In order to see this let Ks = diag{sl,...,sn}.
KL = diag{ll,...,ln}, K= diag{kl,...,kn}, K, = (l-a)KL + aK. Then (hL,KL)

is a regular pair if and only if for every K€ S

T 2 T 2
h Ksh HhLH - hLKshL il © = o (a) (5.21)

where h is a maximum eigenvalue eigenvector of K,

1f Ki # Ej for all pairs there exists a positive B such that 0 € a < B ;
i

implies that h = hL for all K € S, hence (5.21) is true. Nevertheless, if ¥

max(ll,...,ln) is not unique (say max(ﬂl,...,ln) = ll = 22) there is no hL

for which (5.21) can hold for every K € §S. Of course (let K = KL)’ in order

for (5.21) to be true it is necessary that h, is an eigenvector of KL with 4

L
maximum eigenvalue, i.e. a(1,0,...,0) and b(0,1,0,...,0), but if k1 < kz and

= a(1,0,...,0) (analogously if k2 < k, and hL = b(0,1,0,...,0))

by 1

T 2 T 2 2.2
h Ksh "hL" - hLKShL Ihil © = {hll “a a(kz-Zl) = O(a) (5.22) &

Directly from the uncertainties separation theorem we have

Theorem 5.5

Suppose the uncertainties in the signal and noise autocorrelation

operators are independent. Then (hL’(K )) is a saddle point of

sL’KnL
(H,SxN,R) if and only if

1

L with maximum eigenvalue,

1. hL is an eigenvector of Kn KSL
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2. K, = min (h,, Kh ) (5.23)
sL K €S L s L °?
]
3. K. = max (h , Kh ) (5.24)
nL KnGEN hL nlL

Note that (5.24) 1s the same as condition 3 of Theorem 3.2, and that if there
are minimal and maximal elements in S and N respectively, they are the solu-

tion of (5.23) and (5.24).

5.4 Hypothesis Testing and Estimation of Location

Our main goal here is to illustrate the application of the results
previously derived for minimax robust filtering, to other problems; specif-
ically in this last section we deal with the cases of robust hypothesis
testing [31] and robust estimation of a location parameter [30], regarded
as the classical starting points of minimax robust procedures in statistics
and signal processing.

In the first problem, Huber [31] presents the robust solution for a
particular uncertainty set of probability measures, namely a mixture class;
however, to the author's knowledge, ro result for general uncertainty
classes is available yet. The application of the robust filtering theorem,
although it imposes some restrictions on the possible uncertainty classes,
in a step forward in that direction. On the other hand, in the robust
estimation problem, Huber does provide a general theorem (T.2 of [30]) for
convex uncertainty classes; here we will rederive that result via the
robust filtering theorem. (It is worth noting that the game-theoretic

results of robust filtering (e.g. [3],[27]) were in good part inspired by

Huber's proof of (T.2 [30]).)

il
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Suppose the problem is to decide with minimum probability of error
(any other Bayes test can be treated similarly) between two probability
measures upon observation of a random vector X. Hence the penalty function

is

P_(6,Py,P)) = 1 JQ ¢ dPy + J‘Q(l—tb)dPJ (5.25)

where the test ¢ (x) € ® is the conditional probability of deciding Pl given

s ahiarndfions

that x is observed. The test that minimizes (5.25) is the likelihood ratio

test:

-
:l =
(=]

o(xX) = ¢k Fi (5.26)

o
~
=

Al

with arbitrary «.

Now we assume that the pair of measures (PO’PI) is only known to
belong to a certain set Q. With respect to the game (Q,¢,Pe) we state

and prove the following.

Theorem 5.6
Suppose that

1. The uncertainty set of probability measures Q is convex; and

2. for every pair (MO,Ml) € Q,

(5.27)

-.-—--—-—-—.-—-—-—--
[
Q.
o'v
=]
-
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S

where I denotes the indicator function. Then, if (POL’PIL) is least

favorable for (Q,¢,Pe) it has an optimal test which is minimax robust.

[ SN

Proof

Since (5.25) is linear in PO and Pl it follows that it is concave in

(Po,Pl). Note that it is also concave in the priors, but it is not concave ‘

on (ﬂo,Po,ﬂl,Pl). (Since it is also convex in ¢, the application of concave-

convex minimax theorems could be investigated.) Therefore all we have to
show is that for some test ¢L’ ((POL,PlL),¢L) is a regular pair. To this

end consider (Po,Pl) = (1-a)(P ) + a(Mo,Ml) for an arbitrary (MO,Ml)

OL’PlL

PR ik

€ ¢, then

*

*PorP1) = JQ ¢ -¢,)MydP, -M,dP,)) (5.28)

with ¢ an optimal test for (PO,Pl).

The region of integration of (5.28) will be divided into 9 regions:

—

o gzt
1 FLANEN T
n e pEe<pt)
2 ap, "W TP,
A -{x. -d;-‘l-'ks.n—osf-;]l}
3 LI T
A g{x: .d_ri.lL<EQ-djf}-}
4 ELIN T
A -{x: f-;l£<h>d—;l}
5 @, W TP,
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A ' dplL S ﬂo < dPl
6 -\ % W®_CW CdP j
oL 1 0 (

AL = { X: f—ﬁ"— > EO- = ﬂ }

7 dPOL nl dPO

8 dPOL “1 dPo
A = { X: .d.f_lé > n—o > -d_i]; } -‘
9 dPy, ~ M, 7 4P, ]

Thus, using a slight abuse of notation,
*®.,p P_,P.)
P (PgsPy) - B (0),Pg, Py

[J +J(1°KL)+J(K-KL)+IK +J(K-l)-JKL-I ](ﬂodpooﬂldPl).
/\1 /\2 A3 /\4 A7 A8 A9
(5.29)

Now observe that we can write

n dp dPlL dpP

1
ndP. - M dP, = (=2 - + - SHnap
oo " T T T T @)
n, dp P, O
G-+t MyaMy =M aM ). (5.30)
1 “or oL 0

Therefore, taking into account the definition of the sets Ai’

1 *
a’ [Pe(PO’pl) - Pe(¢L’P0’pl)] >

>[I +[(1-KL)+[K +J(K~l)-JKL-J ]
/\1 A2 A A :‘\8 '\9

4 7
dplL l'll
(a-p;; "—0- (nodMo - ﬂldMl)) (5.31)
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and

aP,,
[Jﬁl- k) - J;L] (EFO_LH—O (MydMy - MyaMy) =
2 8
= [I/(\I-KL) - J;L ] (rlodM0 - "1dM1) , (5.32) 3
2 8

which is always zero with an appropriate choice of SE namely, kL = Oorl :
if the first or second integral, respectively, of (5.27) is nonzero. If

both integrals are zero the value of KL, is irrelevant. Note that we have

used the fact -- see eq. (5.30) -- that

e S T R W B 1
dMO nl dPOL dPo "l dPOL

Since the RN derivatives are right continuous at a« = 0, Al’Aa’A7’A9

reduce to null sets as a + 0; therefore (5.31) and (5.32) result in

1 *
cl1?:;0 S [B (PgsP) - P (8, ,P,P)] >0 . (5.33)
But for every a,
%*
P (PysPy) S P @,,PysP) (5.34)

therefore the regularity of ((POL,PlL

to underline that although the probability of deciding one of the hypotheses

),¢L) is demonstrated. It is interesting

when the likelihood ratio is equal to the threshold is irrelevant for fixed

probability measures, there are instances in which this is no longer the case

for the robust test, as we have just seen,
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In Huber's famous formulation of the problem of robust estimation of
location [30], the statistician selects an influence curve ¥ € ¥ in order

to maximize the payoff

(Jugrae)?

(5.35)
fwzfdt

K(v,f) =

where f is the marg.nal probability density of the (independent) errors in
the location measurements. The maximum value of (5.35) is achieved with

¥ = -f'/f and is given by (via the Schwarz inequality)

2
K (f) = J ifgl- dt (5.36)

If the density function f lies in a convex set F, our purpose is to
find the robust estimator for the game (¥,F,K). Theorem 2 of [30] states that
the robust estimator is the optimal wL for the least favorable density fL.
A proof of that theorem can be carried out by showing that (wL,fL) is a
regular pair (Lemma 6 of [30] shows that K is convex in the uncertainties).

Let f = (1--a)fL + ag with g € F; then

2
] 2 (Iw f'de)

L") - xo,01 =3 J (GO e
¢ * afWLfdt

L ” £ ()Y (£)

[£' (8)YE(E)V, (t) - £(s)E'(t)¥ (s)ldtds
af¢ifdt £(s) L L

(5.37)

If m(t,s) £ (fL(S)S'(t) + S(S)fi(t))wL(s), the term in brackets is

2 [m(t,s) - m(s,t)] +o0(a). Hence, when a - 0, (5.37) results in
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1 %
lim = [K () - K, ,£)] =
a + 0 a L i

'—“l;——'Jf¢L(S)WL(t)[m(t,s) - m(s,t)]dtds = 0 (5.38)

2
J £ ae

This demonstrates that (¢L,fL) is a regular pair, and thus the problem

i A

Al

solved by Huber fits the framework developed in Chapter 2.

i i
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6. SUMMARY

A recapitulation of the main contributions of this work is given in
this chapter.

First, the robust filtering theorem presented in Chapter 2 gives suf-
ficient conditions on the performance function and on the sets of filters
and operating points in order for the minimax robust filter to be the opti-
mal filter for the least favorable operating point. In this theprem, the
central issue turns out to be the introduction of the concept of regular
pairs of filter and operating point. By means of this result, a systematic
procedure is developed for solving problems in minimax robust filtering.
So, in the light of this theorem, several previously treated problems have
been revised and generalized, and other new problems have been proposed and
solved. A technical refinement provided by the robust filtering theorem
has been the introduction of an equivalent game by means of which typical
restrictions of the uncertainty classes (pertaining to convexity and
existence of least favorable elements) are relaxed in certain cases, and
that allows the proof of extended results (class theorems) by considering
restricted classes of filters. The next general result that we presented,
i.e., the uncertainties separation theorem, constitutes a useful tool when
dealing with independent (not necessarily convex) uncertainty classes.

With some restrictions on the performance function, this theorem results
in sets of equations that can be solved for the robust filter, numerically
or analytically. Next, the concept of soft minimax has been introduced;
it offers the possibility of incorporating in the model some possible
further knowledge about the uncertain parameters by combining hard and

soft constraints.
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Following the presentation of these general results we have discussed
their application to several specific filtering situations. First we have
given a complete treatment of the robust matched filtering problem following
the lines of the general work by Poor [3); it is shown that the invertibility
of the noise covariance operator is not necessary (but it is sufficient) in
order for the regularity conditions to be satisfied, and a simple set of
necessary and sufficient conditions for a pair of signal and noise to be
least favorable is derived straightforwardly from the uncertainties separa-
tion theorem. Specific deviation classes are studied in the framework of
finite~length discrete-~time processing (although the majority of the results
presented can be extended to the more general Hilbert space setting). Among
other conclusions it is demonstrated that, when the deviations of the signal
and of the noise covariance can be modeled by spheres centered on given
nominals, the robust filter is the one matched to the nominal signal and
to the nominal noise with an additional component of white ncvise (whose
level is proportional to the size of the uncertainties); hence, in the fre-
quent event in which the nominal noise is white (or in which the nominal
signal is designed to be an eigenvector of the nominal noise covariance)
the nominal matched filter is minimax robust. Concerning the optimal
design of nominal signals for matched filtering in the presence of uncer-
tainties, two extremal cases are examined, namely, the £2 uncertainty
model, that results in a nonlinear optimization problem, and a particular
case of the E“ model, whose solution is the minimum-eigenvalue eigenvector
of the noise covariance; i.e., the optimal signal without uncertainties.

The minimax state estimation and control problem is addressed next.

General uncertainty classes of means and covariances of the process and
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observation white noises are allowed, and the linear time-varying transient
case is analyzed. Once again, the general results of Chapter 2 are applied

to this case, leading to the desired necessary and sufficient conditions

for least favorability, and to the demonstration of the minimax robustness
of the optimal system for the least favorable statistics. In each of the
problems that we consider, distinct conditions for least favorability are
found; in particular, in relation to the separation theorem of stochastic
control, it is shown that while the controller can be derived separately,
its state estimates are not provided by the same Kalman filter as for
minimax estimation. In order to deal with uncertain means, we employ the
soft minimax approach introduced earlier; sufficient conditions for the
nominal system to be (soft) minimax robust are provided. An interesting

aspect is the fact that certain previous works in pursuit-evasion games

— o ees SEn G SN A N S G

with soft energy constraints are special cases of the problem solved here,

and as such, arrive at coincidental solutions. Several examples of classes
for uncertain noise auto and crosscovariances are studied in detail. Apart

from their intrinsic interest they serve to illustrate the parallelism that

——r

we have encountered in dealing with analogous uncertainty classes in different

- —

filtering situations. This can be found, for instance, in the solution to

the normed deviation model and in the transfer of uncertainties from one

P
i

subclass to another already observed in the matched filtering problem.

Other filtering situations, such as the quadratic receiver and the

output energy filter, in which the minimax robust approach has not been i
applied before are also investigated. In these cases, we point out several
open problems for which the general results are not, as of now, applicable.

For instance, no generalized performance function involving the variance

g L ] L ) [F—y - &
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of the output under the signal-present hypothesis leads to a solution of
the robust quadratic receiver problem. Also, finding conditions for
regularity in the output-energy filtering problem -- a generalization of
the matched filter ~- appears as a difficult and interesting question.

The well-known problems of robust location estimation and of robust non-
causal Wiener filtering fit the general framework of Chapter 2 and alterna-
tive proofs of their respective minimax robust theorems are provided. 1In
the case of Wiener filtering, tractable and more meaningful approaches to
deal with signal uncertainty classes without equal-power constraints should
be investigated. Another interesting point is the study of the regularity
condition when no explicit expressions for the optimal performance achiev-
able at every operating point are available (e.g. causal filtering).
Finally, another topic that deserves further attention is the minimax
hypothesis testing problem for nonspecific uncertainty classes; although
the regularity condition (5.27) required by our results does not seem to
impose important restrictions in practice, its further relaxation appears

to be interesting.
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